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Abstract. fgN and fARIMA (0,d,0) are two of the models frequently employed in
Internet traffic. However, there is not a set of data traces available. In this work, a set
of 187 fGN data traces each one of 64KPoints were generated with three tools: S-
Plus, SelQoS; and a fGN-MatlabScript; and a cumulative analysis with 1144 files
was done. From this study, it is concluded that the best algorithms respect to the
Minimum Mean Squared Error (MMSE) for Hurst index estimates were Modified
Allan Variance in time domain far followed for R/S statistic, while in frequency
domain Periodogram presented the MMSE followed very close for Local Whittle. A
set of 53 “well-behaved” data traces with different theoretical values HT were
obtained and will be publicly available. The fGN data traces generated by our tool
SelQoS compared with those generated with S-Plus, fGN, fARIMA (0, d, 0), and
fGN-MatlabScript showed the best performance relative to MSE. For all data
generation methods, the higher H is, the bigger MSE is.

Keywords: fractional Gaussian Noise fGN, fractional Auto-Regressive Integrated
Moving Average fARIMA, Self-similarity, data traces, Hurst index

1 Introduction

Since the seminal work of Leland, Taqqu, Willinger, and Wilson [LTW94] in
communication networks, an explosion of work has ensued investigating the
multifaceted nature of this phenomenon, see for example Crovella and Bestavros
[CB97]. Then, concepts such as self-similarity, long-range dependence (LRD), and
heavy-tailed distributions (e.g. paretian- and α-stable distributions) are becoming
more and more frequent in the telecommunications area. Consequently, these and
others related concepts, such as autocorrelations or power spectral density have
emerged as powerful tools for modeling the behavior of these real processes and
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systems. Paxson and Floyd [PF95] explained “the Failure of Poisson Modeling” for
packets networks where Poisson models for some telecommunication processes are
not the most appropriate, e.g. network traffic or they don’t capture well some
behaviors. Abry and Veitch have made important contributions to the LRD in Internet’s
traffic see for example [AV98].
As time series or data with LRD appear quite frequently in many different areas of

science and engineering, e.g., hydrology, physics, biology, telecommunications, many
basic methods have been proposed for the estimation of the Hurst parameter H.
However, some major issues have not been satisfactorily resolved:
• It is not clear for many cases under what circumstances the methods mentioned above
yield consistent results.

• The mathematical theory of long-range dependence concerns the behavior of the
correlation of the time series at large lags; however a measured time series is finite,
and relatively short. This practical fact limits the study of: 1) the aggregated series,
because theirs lengths decrease with the aggregation level; and 2) the cumulative
behaviors.

• The set of well accepted software tools for data analysis is relative low, e.g.
estimators of H, and the amount of data is huge; consequently, replication of results
showed in the literature is a very time consuming task, see [Ka95]. Moreover, if the
data trace source is not public or available, the task is unfeasible.
When the literature is studied, in the papers with more impact, besides of good

algorithms, we find the following elements:
1. Sets of “good” synthetic data traces and/or traces obtained from measurements, and
overall publicly available, sometimes as libraries.

2. A relative high volume of measurements.
3. Proprietary and public software tools and code.
When working with packet networks, engineers are interested in the estimations of

several performance metrics and theirs behaviors respect to time, frequency and/or
aggregation levels. Examples of these metrics are: volume of traffic per time unit,
delays, delay variation or jitter, packet loss, inter-arrivals times, behaviors of some of
these metrics per protocol, Internet routes and theirs anomalies, and Hurst parameter.
On the other hand, traffic generators are very important for good modeling. Therefore, in
this paper we propose to adapt the colored noise generator model of Kasdin [Ka95], a
digital model for accurate generation of digital sequences of noise with power law
shapes , in the frequency domain, to satisfy requirements of long range dependence
and self-similar network traffic.
The generated noise traces are characterized in the frequency and time domain with the
power spectrum and self-similarity estimation tools such as Whittle, periodogram,
modified Allan variance method (MAVar). All the generated traces accomplish the
randomness and the self-similarity index H.

1.1 Motivations

Although hundreds of papers has been written in this area, only a few of them show that
the algorithms (estimators of H) should be calibrated respect to a set of “well-behaved”
data traces with H theoretically known, that means data traces satisfying one or more
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specific criteria. The major motivation is: although fractional Gaussian Noise and
fractional Auto Regressive Integrated Moving Average, fGN and fARIMA for short, are
some of the traffic models frequently employed in Internet, there is not a set of “well-
behaved” traces publicly available as reference to calibrate our implementations.

1.2 Contributions

The main contributions of this work are: 1) A study of a set of 187 fGN and fARIMA
(0, d, 0) data traces each one of 64KPoints (1KPoint = 1024 points) generated with three
tools: S-Plus SelQoS, and fGN-MatlabScript; including a cumulative analysis for 1144
files (derived from the 187 datasets). 2) A study of the accuracy of algorithms for LRD
based on the MMSE criterion is presented. 3) A set of 53 “well-behaved” data traces
with different theoretical values HT were obtained and will be publicly available.

2 Basic Concepts

2.1 Self-Similarity

Self-similarity describes the phenomenon where certain properties are preserved irrespective
of scaling in space or time. It can be defined as follows:

Definition 1. A real valued continuous time stochastic process {Y(t), -∞ < t <
∞} is said to be self-similar if for any constant a > 0, there exists H > 0, called index
of self-similarity, such that

(1)

where means equality in the sense of finite- dimensional distributions.
A stochastic process {Y(t)} is said to have stationary increments if the distributions

of {Y(h + t)—Y(h)} are independent of t. When {Y(t), t > 0} is self-similar with
stationary increments and its exponent is H, then it can be called H-sssi, for short.
For a detailed study of second-order self-similar processes see Tsybakov and Georganas
[8], where definitions of exactly and asymptotically second-order self-similar processes
and some properties and relationships are discussed. Therefore, we are interested in
asymptotic second order self-similarity processes, since exact second order self-similar
processes require invariability of second order statistics in all time scales.
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Second Order Self-Similar Discrete Time Series.When considering discrete stochastic
time series the definition of self-similarity is given in terms of the aggregated processes.
Let {X(t), t = 0, 1, ..., N} be a discrete time series derived from a process H-sssi, then
others series can be obtained by aggregation. That means that new aggregated
time series is a sequence given by the following eq. (2).

= ( : k = 1, 2, 3, …) (2)

where each term is defined as:
(3)

and where m represents the level of aggregation; that is, each new time series is obtained
by partitioning the original time series into non-overlapping blocks of size m and then
averaging each block to obtain the k values of the new series.

Definition 2. Let {X(t), t ε N} be a covariance stationary discrete time series with
mean µ = 0, variance σ2 and autocovariance function γ(k), and its aggregated
series. Then it is said that X is H-ss, if the following eq. (4) is hold, i.e.

(4)

and asymptotically H-ss, if the following eq.(5) is hold.
(5)

where means convergence in distribution.
Definition 3. A discrete time series X(t) is exactly second order self-similar with

Hurst parameter H ε (1/2, 1) if
(6)

for k > 0, and asymptotically second order self-similar if
(7)

where γm(k) is the autocovariance function of the aggregated process of order m, k
represents the lag, σ2 the variance, and H represents the Hurst parameter.

2.2 Long-Range Dependence

Long-range dependence or long memory means that the autocorrelation function of a
stochastic time series decays slower than an exponential or hyperbolically in time. This
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slowly decaying behavior gives rise to the presence of large values of the time series X(t)
with non-negligible probability.

Definition 4. Let X(t) be a stationary time series, it is said to be long-range
dependent if its autocorrelation function, ACF, ρ(k) has the following asymptotic
behavior.

(8)

where β = 2-2H, or H = 1 – β/2, and LC(k) is a slowly-varying function, i.e.
. In long-range dependence, LRD, the sum of the

autocorrelation function is infinity, i.e.

2.3 Fractional Gaussian Noise fGn

Definition 5. Fractional noises are obtained by taking the increments of Fractional
Brownian motion processes BH (j), i.e. fractional Gaussian Noise fGn Yj is defined as

(9)

2.4. Method of generation for fractional noise based on Kasdin’s algorithm

In this section a summary of the method developed by Kasdin [Ka95] is given.
Simulation of a stochastic process is not an easy task, because most of processes are non
stationary. However, many of the process’ models used for simulation are asymptotically
stationary. The output process, x(t), of a linear system driven by white noise is
represented by the convolution integral:

(10)

Where h(t) is the causal impulse response function of the system and w(t) is Gaussian
white noise with autocorrelation function Qδ(τ) and the integration is defined in the
sense of Ito [ST94]. The spectral estimation, even of a non-stationary process, is in most
of cases, a legitimate basis for formulating linear systems models for the stochastic
processes [Ka95].
In the case of a discrete linear system, the convolution integral in (10) can be replaced by
the discrete convolution sum:

(11)

Where wa is the iid white noise sequence.
We can generate the sequence of the eq (11) by performing the discrete convolution.
Another way to perform this is multiplying in the frequency domain their components in
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the spectrum, using the FFT. Brownian motion is given as the integral of white noise. Its
impulse response function is thus the unit step function and its transfer function is:

(12)

A generalization of (12) proposed as the digital model in[6]:
(13)

Recalling that D = 2H-1 (13) can be expressed in terms of H instead of D.
(14)

Applying the inverse Z transform to (14) as shown in [Ka95] and computing it using a
recursive algorithm:

(15)

Where, H is the Hurst parameter.
Consequently, at this point we can generate different fractional noises, as fGn,
controlling the self-similarity index H. This algorithm was implemented in Matlab, it is
called in this work as fGN-MatlabScript.

2.5 Estimators of Self-Similarity Index for Discrete Time Series

Hurst index as a single value is well-defined mathematically, but its measuring is
problematic. The data must be measured at high lags/low frequencies where fewer readings
are available. All estimators are vulnerable to trends or periodicity in the data, high-
frequency oscillations, non-stationarities and other sources of corruption. In order to
estimate the index of self-similarity, several different estimators for H should be
implemented. Hurst estimators, , can be classified in three general groups: those
operating in the time domain, those in the frequency, and the third in wavelet
domain. Due to space constraints we can't give a complete description of all available
estimators, but an overview appears elsewhere [TT98]. The most frequent are: R/S
statistic, Absolute moment, Variance, Variance of Residuals, Periodogram, Local
Whittle and Abry-Veitch. A less common estimator is based on the Modified Allan
Variance and it was developed by Bregni and Primerano [BP04].

3 Behavior of H Estimators for Synthetic Data Traces fGN and
fARIMA (0, d, 0) with H known

Many aspects of H-behavior are being studied. The present work focuses on the H-
behavior respect to one or more algorithms in order to get a set of “well-behaved” data
traces, which are analyzed in the following way: global values or global sense, series of
local values or local sense, and series of cumulative values or cumulative sense.
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Let ΩΩH be a finite set of data traces, where each element is represented by ΩΩ i
H = {Di

j,
N, M, HT}, and where Di

j j =1, 2, 3, …, N, are de data, N is the length of the series, M is
the method for data generation, and HT theoretical value of the Hurst parameter. H can
be studied in several ways, e.g. in a global sense, i.e., one single value; in a local sense,
i.e., the time-interval is partitioned into K non-overlapping blocks and for each one a H-
value is estimated; obtaining k values Hi, i = 1, 2 ,…, K; in a cumulative sense, i.e., how
H change for blocks of size jN/K for j = 1, 2, …, K; and where each block include its
predecessor, in this case we obtain again k values Hi, i = 1, 2, …, K. As there are
different H estimators, different values of H and different behaviors of H can be found.
Different criteria for “well-behaved” traces can be done, in this work we employs the
following:

C1. Criterion for the global behavior of H respect to an estimator. Given a finite set
of traces ΩΩH with “equal” HT, and a specific estimator of H, , the trace ΩΩ i

H is well-
behaved in a global sense respect to , if its estimated H-value is the closest to the
theoretical or reference value HT.

C2. Criterion for the local behavior of H respect to an estimator. Given a finite set of
traces ΩΩH and a specific estimator of H, , the trace ΩΩ i

H is “well-behaved” in a local
sense respect to , if one of the following condition is hold: its expected value, E( ),
is the closest to the global H-value; or the minimum mean squared error MMSE( ) is
obtained.
Mean squared error of the estimator (MSE ( )) is given by

MSE ( ) = Var( ) + [E( )-HT]2 (16)
where HT is the reference value.

C3. Criterion for the global behavior of H respect to a set of estimators. Given a
finite set of traces ΩΩH with “equal” HT and a set of algorithms estimators = { ,

, ..., }, the trace ΩΩ i
H is “well-behaved” in a global sense for a set of estimators

if it has the best estimated H-value for all estimators.
C4. Criterion for the local behavior of H respect to a set of estimators. Given a finite

set of traces ΩΩH with “equal” H and a set of algorithms estimators = { , , ...,
}, the trace ΩΩ i

H is “well-behaved” in a local sense for a set of estimators if one of
the estimators satisfies the criterion for the local behavior of H respect to an
estimator, C2.

C5. Criterion for the cumulative behavior of H respect to a set of estimators. Given a
finite set of traces ΩΩH with “equal” H and a set of algorithms estimators = { , ,
..., }, the trace ΩΩ i

H is “well-behaved” in a cumulative sense for a set of estimators if
one of the estimators satisfies a specific criterion of convergence involving
accuracy and/or precision, for example MMSE.
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4 Generation, Selection and Analysis of Data Traces

In order to find a set of “well-behaved” traces of fGN and fARIMA (0, d, 0) sample
paths, several traces should be generated and processed, therefore a tool is necessary.
The results obtained in this work were obtained using a software tool, called by us
SelQoS, which is being developed at CINVESTAV-Guadalajara. This tool allows global,
local and cumulative analyses of Hurst parameter and some basic statistics, among
others features, and a version will be publicly available and free in three months. After
the analysis of many data traces, we observe that.
1. The criteria for the global behavior of H respect to one or more estimators are not
strong because you don’t see the convergence of the H-value, neither the behavior of
H-for different blocks. Karagiannis in [KFM04] shows a global behavior of some
estimators of H.

2. The criterion for the local behavior of H respect to a set of estimators, is better than
the above mentioned, and allows to know the H-behavior for different blocks, but not
its convergence.

3. The algorithm of Variance of residuals showed a high variance for local and
cumulative analyses, and then it was not taken into account.
Consequently, we used the criterion for the cumulative behavior of H respect to a set

of estimators to find the set of “well-behaved” data traces of fGN. The estimators
employed were: R/S statistic, Absolute moment, Variance, Periodogram, and Local

Whittle, because they are implemented in our tool. Local and cumulative analyses of
self-similar traces can be found in [RT06].
In order to obtain a set of “well-behaved” synthetic data traces, the following steps

were done:
1. Generation of 5 synthetic data traces fGN for each Hurst values between 0.5 and 1
(using a step of 0.05), and for different lengths: 16, 32 and 64 KPoints.

2. For the data generation were we used S-Plus for fGN and fARIMA (0, d, 0), and
SelQoS for a third set of fGN traces.

3. Selection of the data traces of 64KPoints according to the criterion C5.
Remarks about location of data traces. The set of all generated and selected data traces
used in the present work can be downloaded from
http://orion.gdl.cinvestav.mx/jcinv/minisitios/dtorres/.

4.1 Selection

Criterion selection and classification: Based on cumulative analysis, selected data traces
can be classified into three groups: golden traces are those with MMSE( ) for all
methods; silver traces are those with 3 or 4 MMSE( ) at least one of them in
frequency domain, and bronze traces are those with at least two MMSE( ).
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4.2 Analysis

A total of 187 files or data traces were studied, the cumulative analysis of the Hurst
parameter was realized with a block size of 1KPoints. After that, MSE( ) versus
theoretical value of Hurst index HT was computed for all data traces. Finally, the
Cumulative MSE (CMSE) was calculated in two ways: the first one for each
estimator , the same HT, and for a group of 5 data traces; and the second one for each
data trace and all estimators.

Figure 1: CMSE for the three algorithms of data generation
In Fig. 1 the behaviors of MSE for the different methods are depicted, the higher H is,

the bigger MSE is. From the Criterion for selection and classification, the following
results were obtained: one golden trace generated by SelQoS with HT = 0.85, filename
“fgN – SelQoS – 65536 – 0.85 – B.txt”; 15 silver traces, 5 of each data generator; and
37 bronze traces, among them 10 from fgN - SelQoS, 16 from fgN – S Plus and 11 from
fARIMA (0, d, 0) – S Plus. Therefore, a set of 53 “well-behaved” traces with different
theoretical values HT were obtained.
Compared with the traces generated by SelQoS and S-Plus, the data traces generated

by fGN-MatlabScript don't have the best performance, relative to MSE. But in many
cases, this MSE was sufficiently low (in the order of 10-5). An analysis done using alpha-
stable distributions showed that parameters "alpha", "beta" and "gamma" of these fGN-
MatlabScript traces were very similar to those generated by the other methods, but the
localization parameter "delta" related with the mean was relatively high (not zero), and it
grows as the Hurst parameter does.

4.3 Global behaviors: Basic Statistics, Probability Density Function and Outliers

Due to space constraints, only the golden trace analysis is presented in this section. The
first step to study a time series is a first look in time to it, see Fig.2 Y(t) is a time-series
with µ = 0, σ2 =255, β = 0.0080, and kurtosis = 3.01; its Gaussian PDF is depicted too.
Table 1 shows H estimated for different estimators.
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Figure 2: A first look to the golden trace “fgN – SelQoS – 65536 – 0.85 – B.txt” and its PDF

RS AM Var VoR MAV Per L.Whi
0.8666 0.8636 0.8568 0.8878 0.8587 0.8436 0.8525

Table 1: Global Hurst of the golden trace

4.4 Local Behaviors of H

A more precise study of the time series is achieved when it is divided into small blocks
and local and cumulative analyses are done. Our tool SelQoS allowed the study of basic
statistics and estimators in a more detailed form. In this case, we used block size of
1024 Points (64 blocks) for MSE calculations. Excepting some blocks, good behavior of
almost all time and frequency-domain estimators is observed respect to the theoretical
value of H.

Figure 3: Local behaviors of H using some time and frequency-domain estimation algorithms

4.5 Cumulative Behaviors of H

The cumulative analysis proved that some estimators present a better convergence than
others. Fig. 4 shows the behaviors of the best, fGN – SelQoS – 65536 - 0.85 - B.txt, and
worst data traces, fgN - S+ - 65536 - 0.70 - D.txt, both respect to MSE. From block 18,
the convergence of the best data trace is significant better than the second one; this fact
is emphasized from block number 44 until the end.
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Figure 4: The best and the worst data trace

Figure 5: Cumulative behaviors of H using time and frequency-domain algorithms
The behavior of global estimated H for different estimators of the data trace fGN-

SelQoS-65536-0.85-B.txt, H = 0.85 and aggregation levels m = 8, 16 and 32 was studied
and, as trend, H decreases as the aggregation level increases. H estimates of this series
using different methods took values greater than 0.78 and less than 0.91.

5 Conclusions

From a source of 187 fGN data traces, each one of 64KPoints, a cumulative analysis
with 1144 files was realized and the following was concluded: in the time domain the
algorithm with MMSE was Modified Allan Variance, far followed for R/S statistic; while
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in frequency domain was the Periodogram presented the MMSE followed very close for
Local Whittle.

Based on cumulative analysis from the selected data traces we obtained 1 golden
data traces, 15 silver traces and 37 bronze traces. The golden fGN data trace was
generated by SelQoS with a length of 64 KPoints and H = 0.85. A set of 53 “well-
behaved” data traces with different theoretical values HT were obtained.

The fGN data traces, generated by our tool SelQoS1, compared with those generated
with S-Plus, fGN, fARIMA (0, d, 0) and fGN-MatlabScript (based on Kasdin’s
algorithm) showed a better performance relative to MSE. In all data generation methods,
the higher H is, the bigger MSE is. A set of data traces of fGN will be publicly available
at http://orion.gdl.cinvestav.mx/jcinv/minisitios/dtorres/.
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