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Abstract: In various previous works about pattern formation methods on top of
P2P networks have been discussed. Most of structures had done by the rectangular
grids building methods, which could later be used to improve the efficiency of
routing and data search algorithms. In this contribution, another new, local
working algorithm is introduced, which allows the formation of other than
rectangular grids. Mostly, the generation and use of hexagonal and triangular grids
is introduced. Apart from the formal description of the algorithm, its performance
is evaluated using the P2PNetSim tool. Finally, it has been observed, that different
structures may have distinct advantages over the different purposes/applications. In
order to cover such different requirements, structure transformations may be a
useful tool. Therefore, some structure transformation methods will be discussed in
the last section of this paper.
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1 Introduction

The appearance of structures and special pattern in various kinds of systems has
fascinated and attracted not only computer scientists. In [KVG02] and other
publications, the authors give explanations, how the respective structures may appear
and why and how animals may get benefit from them. Bird flocking, fish schooling, ant
street and bee foraging have been - for instance -discovered and investigated by
scientists of different disciplines [BM09, DB07, GGT07, Mo09] and even in computer
science those systems give ideas to create several algorithms [KA09, LAK03]. However,
also artificially created, simple examples from computer science have been found, like
the definition of “The game of life” from J. Conway [Ga70] approximately 40 years ago.
The quite simple definition was the background for the definition and research about
cellular automata.
Finally it has been investigated that even in large distributed systems, namely P2P-
systems, structures and special properties of graphs play an important role [CCR04].
Furthermore, [Kl00] and [LU09] have investigated that grids structured P2P systems
(see figure 1) could proof that the performance of search and routing procedures can be
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significantly improved, if the anarchically grown small world structures are overlayed
with regular, mostly rectangular grid structures. From these considerations the question
came up, whether other grid types like “hexagonal” grids may have similar, useful
properties.

In chemistry [Gl08, YYL09], biology [Wv04] and even in computer science and
engineering works hexagons seems to have a special importance (see figure 2). In
addition, some publications already give construction mechanisms for hexagon grids
under very special conditions [LAK03]. Consequently, the question arises, if such
hexagonal grids could also be built up by local working, distributed algorithms on top of
P2P systems and may give advantages, when used (figure 1).

Figure 2: Hexagonal grid structure in nature and technology.
(honey comb and mobile phone cell structures)

In this contribution, it is intended to discuss this question in more detailed. Therefore,
section 2 presents the formal definition of the hexagon grid building method. After that,
following this; section 3 describes its performance evaluation using a simulation and
section 4 presents possibilities for grid transformations. Section 5 summarizes and
concludes the paper.

2 HexaGrowth-a new Grid-Building Method

2.1 Requirements

As discussed in previous publications as [Be07, BSU09a, BSU09b, SBU09 and SU09],
for rectangular grids also the hexagonal grid structures can be generated from a single,
initial cell, without any global knowledge, predefined coordinate system or cell universe
(as it is used for instance in cellular finite state machines). Nevertheless, it is necessary
to avoid the appearance of holes or overlapping parts during the whole growth process.

Physical Networks P2P Networks Overlay Networks
Figure 1: A system hierarchy using P2P overlay networks
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Therefore, all new nodes must be properly connected to all their already existing
neighbors and it must be ensured that later added neighbors can connected to them with
local information (i.e. data from their direct neighbourhood nodes), only. Consequently,
all grid building methods must meet the following requirements for a structure building
method, which have been formulated in [BSU09b]:

 The structure must be built fast and with non-complex algorithms.
 The structure does not appear in a previously fixed coordinate or cell space system.
 It must be easy to repair in case any changes in the network appear.
 The algorithm is running locally on each peer and only can use the information

available on this peer and eventually on its neighborhood peers (since global
information is not available).

 The generated overhead shall be minimal and the achieved efficiency maximal.

Different to rectangular grids, hexagonal grids offer two principle possibilities for a
building process (see figure 3).

In a first approach, every corner point of a hexagon may be represented by a peer, while
two neighboring hexagons always share two corner peers. Another possibility is
obtained, if a peer represents a whole hexagon. In this case, this peer must be connected
to all its neighbors, what results in 6 neighborhood connections. As it is easy to be seen,
the respective generation method would result in the setup of a grid consisting of
triangles while the hexagon structure is only implicitly present. Therefore, the first
approach is chosen for the algorithm design in the following section.

2.2 The Algorithm

If the basic form of a hexagonal grid pattern is considered, then two different node types
can be found. Figure 4 shows these two types of node, the so-called “A” and “B” nodes
distinguished from the direction of the connections of the edges. Node “A” has three
neighbors, in upper direction two nodes and one neighbor in the lower direction.
Conversely, node “B” (having also 3 neighbors as “A”) has in the upper direction one
and two neighbors in the lower direction (see figure 4a).

a) 6 peers as corner point of hexagon b) a center peer represent a full hexagon
Figure 3: Building hexagon based grids
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As the consequence of that, in the below grid building method two types of nodes (“A”
and “B”) will be used (figure 4b). While nodes of type “A” allow two upper and one
lower neighbor, node “B” allow neighbors in exactly the opposite manner: 2 lower and
only 1 upper neighbor node. In order to allow a concatenation of the nodes in the right
manner, the respective links get names, derived from the compass direction in which the
respective links point. It is clear that in the algorithm

 Nodes “A” have 3 neighbors of “B” and also “B” have 3 neighbors of ” A”
 A South link of node “A” link can only be connected with a North link of node

“B”
 Only Northeast and Southwest as well as Northwest and Southeast links can be

connected with each other.

Figure 5: Overview on the construction mechanisms

Figure 5 shows the main principle of the structure building method. In an initial step, the
so called horizontal, basic growth line is created. This building process starts from the
initial cell and includes a growth to both sides. Alternating, type “A” and type “B” cells
are connected using their southeast-northwest and northeast-southwest connections. As a
result of this building process, the red basic line is created, whose cells later give also the
basic orientation for all growth processes. Each of the cells/nodes of the basic line start
active after its full connected to two neighbours along the horizontal basic line like
“angle” the so called vertical growth processes. In this vertical growth process

a) 2 node types inside hexagon b) direction relationship of 2 nodes types
Figure 4: 2 node types in the hexagonal grid and relationship within the structure

South Southeast

NortheastNorthwest North

Southwest
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 Cells of type “A” create vertical growth lines into the north direction
 Cells of type “B” create a vertical growth in south direction
 In the north direction, the concatenation north-south followed by northeast-

southwest is used in a repeated manner while in the south direction the same is done
with the sequence south-north and southwest-northeast.

The horizontal and vertical growth processes work independently and parallel from each
other. The more nodes are included in the structure, the higher the parallelity will
become, since more nodes will try to add other nodes to the already existing structure.

In a final process the vertical growth lines must be connected as it can be seen in Fig. 5.
In order to keep the algorithm local (i.e. use only information, which the node itself or its
direct neighbours have) a temporary connection is used, which will be deleted later.
Figure 6 shows the interaction diagram for the respective communication needed among
the different nodes. For simplicity and due to the existing symmetry, only the
interconnection in one direction is considered.

We number the positions along the horizontal growth lines by “k” and the respective
numbers along the vertical growth lines by “r”. Along the basic horizontal line, the
parameter “r” is equal to zero.

Figure 6: Generation of the temporary and permanent interconnections between
the k-th and (k-1)-th vertical growth line
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At the beginning, it is assumed that the (k-1)-th and k-th cells from the horizontal basic
line know each other and the (k-1) cell has communicated the address of its newly
generated cell from the vertical growth line to the neighbour k. Neighbor k may submit
this information to its “child” in the vertical direction (k,1). So the node (k,1) may
connect to (k-1,1) and build up the first temporary connection which is later needed to
communicate the position of (k-1,2) to (k,1) and result in a building of the first
permanent connection finishing the first hexagon in this part.

In general, the algorithm generates alternatingly a temporary and a permanently
connection and finally builds the hexagonal structured. The steps of this algorithm are
the following.

 The node on position (k, r) will generate the node (k, r + 1). On the left side, the
node ((k − 1), r) can be found (and its address is known to (k, r)). It will
consequently generate the new node ((k − 1), (r + 1)).

 From the step before, the nodes (k, r) and ((k − 1), r) are already connected by a
horizontal link (In the case of r = 1, the horizontal basic line of course fulfills this
task as described).

 Due to this connection the node (k, r) may obtain the IP address of the node ((k−1),
(r+1)) and communicate this to its new generated node (k, r + 1).

 The latter node can now connect its future neighbor ((k−1), (r+1)) by the use of this
IP address and the new connection may be established.

 Alternating temporary and permanent connections are generated and the generation
of a permanent connection result in a message to remove the before temporary line.

This way, the network construction is also synchronized among the neighbor nodes, i.e.
the network will grow almost equally.

3 Performance Evaluation

3.1 Simulation Setup

To observe how this algorithm performs under real network conditions, P2PNetSim
[RU08] – a distributed network simulator - was utilized. P2PNetSim allows large scale
network simulations and analyse on cluster computers (up to 2 million peers can be
simulated on up to 256 computers). The behaviour of all nodes can be implemented in
Java and then be distributed over the nodes of the simulated network. At simulation
start-up the peers are interconnected small-world-like in order to simulate the typical
physical structure of computers interconnected in the Internet. On top of this structure,
an overlay-network is built using the grid-algorithm. In order to explore the behaviour of
our grid generation algorithm, any search times for new nodes in the P2P system have
not been considered, i.e. a fixed constant time is assumed for that. Thus we avoid any
interference in the duration of the search (fast in the beginning, slower when almost all
nodes of the P2P community are already assembled in the grid) using grid building
algorithm. This is more important, since the parallelity of the growth process is rapidly
increasing with the number of nodes included in the grid.
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3.2 Results

Using the above described setting, several simulations were executed. The most
interesting question is of course, how fast the respective structures are growing, i.e. the
number of nodes included into the hexagonal grid over the time. The second important
question, how many nodes are able to add new nodes within the structure in each time
step. This number of nodes stands in direct relation to the maximal number of parallel
growth processes which may exist.

The authors of this contribution have introduced in [BSU09a, BSU09b and SU09] the
skeleton-, border growth and inheritance growth method. Therefore figure 7 and 8 shows
the respective results in comparison with that one achieved from the previous works.

Figure 7: Nodes included in the structure over time

It is clearly be seen, that the new, hexagon growth method shows a qualitative similar,
fast behavior as all methods developed before. The structure growth is quite fast, i.e.
approximately quadratic with the time (for the simulated 2D grids, figure 7). Since the
hexagonal grid is a more complex structure than a rectangular grid, a faster growth than
the skeleton and borderline growth method could not be expected. The numbers of
growable nodes are to be seen in figure 8.

Although the permanently growing basic horizontal line generates new vertical growth
lines in each step, the number of growable nodes is increased following approximately a
linear time function, only. This can be explained with the synchronization mechanisms
which have been introduced for the construction of the cross connections between the
vertical growth lines. Different to rectangular grids, 3D or n-D hexagonal grids seem not
to have any applications and have not been considered so far. However, various grid
structures may have advantages for different applications and so the question of grid
transformation came up and shall be discussed in the next section.

292



Figure 8: Number of growable nodes at the periphery

4 Grid Transformations

A tessellation of a 2D plane can be done with all grids generated so far, no matter if they
are based on rectangles or hexagons.
By simple rules, a transformation from one grid to the other may be possible, if it is
started form a single point in the grid, which can be chosen by a simple setup (using the
underlaying, implicitly generated coordinate system, where the initial cell has the unique
coordinates (0,0)) or voting among the participating.

The following cases can be of interest:

1. The transformation from triangular grids to hexagonal grids and vice versa can
easily be done. This simplicity comes from the fact, that a hexagon may be
constructed form 6 triangles by removing the center point/peer of these 6 parts,
while in opposite direction just request the addition and right connection of an
additional node/peer, which might be easily taken from the periphery of the
structure.

...........a) hexagon transforms into triangle b) rectangular transforms into hexagon
Figure 9: Possible grid transformations
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2. Several rectangular grids may also be easily transferred into hexagonal grids, as the
second part of figure 9 demonstrates. From this picture, it also becomes clear that
both directions of the transformation cannot always be implemented in an easy and
local executable manner.

Random walkers starting from an initial point might be one good realization for the
described transformation and should be considered in later publications.

5 Conclusion and Outlook

In this paper a new structure building algorithm for hexagonal grids have been
introduced. This method demonstrates that even more complex structures like hexagons
can be built on top of an anarchic grown P2P system with local working algorithms with
a good performance.

The contribution extended and completed the series of publications of the authors on 2D
local structure building mechanism, which mostly have considered rectangular grids. In
addition to the previous works, a performance evaluation for all developed methods has
been presented. Finally, a few grid transformation methods have been introduced. Later
publications will deal with the application of these structures to improve the efficiency
of the routing and search in decentralized P2P systems.
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