
Gaussian Mixture (GM) Passive Localization using Time
Difference of Arrival (TDOA)

Regina Kaune
FGAN-FKIE, Dept. Sensor Data and Information Fusion

Neuenahrer Str. 20, 53343 Wachtberg, Germany
kaune@fgan.de

Abstract: This paper describes the passive emitter localization using Time Difference
of Arrival (TDOA) measurements. It investigates various methods for estimating the
solution of this nonlinear problem: the Maximum Likelihood Estimation (ML) as a
batch algorithm, the Extended Kalman Filter (EKF) as an analytical approximation,
the Unscented Kalman Filter (UKF) as a deterministic sampling approach and finally
the Gaussian Sum Approximation (Gaussian Mixture, GM). Different scenarios are in-
vestigated in terms of estimation accuracy, described by the Cramér Rao Lower Bound.
In Monte Carlo simulations, performance and consistency of the estimation methods
are analysed and compared with the Cramér Rao Lower Bound.

1 Introduction

Emitter localization from passive measurements is an important problem in many applica-
tions. Different kinds of measurements like Angle of Arrival (AOA), Time Difference of
Arrival (TDOA) and Frequency Difference of Arrival (FDOA) can be used to estimate the
position of an unknown emitter [Bec05, FRM07].
Calculating the difference between the arrival times of a signal at two dislocated time-
synchronized sensors yields the Time Difference of Arrival (TDOA) measurement. In the
absence of noise and interference, one TDOA measurement restricts the possible emitter
locations to a hyperboloid with the two sensors as foci. The emitter position is estimated
from the intersections of three or more independently generated hyperboloids. If the emit-
ter and the sensors lie in the same plane, one TDOA measurement defines a hyperbola as
possible emitter location. The sign of the measured time difference defines the branch of
the hyperbola, on which the emitter must lie. The emitter position is then estimated from
the intersections of two or more hyperbolae or with filtering and tracking methods.
In this paper we investigate the two-dimensional stationary emitter localization problem
with two moving sensors using TDOA measurements. These measurements are processed
with nonlinear filtering techniques because the measurement equation is highly nonlinear.
Different methods, like the Maximum Likelihood estimation, Extended and Unscented
Kalman Filter and a Gaussian Sum Approximation are discussed and compared with the
Cramér Rao Lower Bound. Furthermore, the stability and the consistency of the approach
is adressed by investigating the normalized estimation error squared.



2 TDOA Scenario
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Figure 1: (a) TDOA scenario and (b) ambiguity after one TDOA measurement

Let ek = (xTk , ẋ
T
k )T be the state vector of an unknown emitter at time tk, where xk =

(xk, yk)T defines the position and ẋk = (ẋk, ẏk)T the velocity. Two sensors with state
vectors s(i)

k = (x(i)T
k , ẋ(i)T

k )T , i = 1, 2, measure the times of arrival (TOAs) of the
emitted signals. Fig. 1 (a) illustrates a typical TDOA scenario, where r(i)

k = xk − x(i)
k

denotes the relative position vector between the emitter and sensor i. Calculating the
difference between the two TOAs yields the TDOA measurement in the time domain. By
multiplication with the speed of light c we obtain a range difference:

zr
k = hr

k(xk; x(1)
k ,x(2)

k ) + ur
k, ur

k ∼ N (0, σr) (1)

with hr
k(xk; x(1)

k ,x(2)
k ) = |xk − x(1)

k | − |xk − x(2)
k |, (2)

where ur
k is assumed to be white gaussian with standard deviation σr.

The measurement equation depends only on the emitter position, and the known positions
of the sensors enter as parameters. Therefore, we have a two-dimensional localization
problem, the two-dimensional position vector of the emitter is to be estimated.
Due to the gaussian measurement noise the Likelihood function p(z|x) is given by:

p(z|x) =
1√
2πσ

e
−1

2
(z − h(x))2

σ2 . (3)

Fig. 1 (b) shows the ambiguity in the plane after one TDOA measurement, obtained by
applying the Bayes formula to the likelihood function. The possible emitter location is on
a tube around the hyperbola.



3 Cramér Rao Analysis

For analysing the performance of the estimators, it is important to know the optimal es-
timation accuracy that can be achieved with the TDOA measurements. The Cramér Rao
Lower Bound (CRLB), the inverse of the Fisher information J, provides a powerful lower
bound on the estimation accuracy for an unbiased estimator.
The CRLB for the TDOA scenario at time tk with the measurements zi and the time-
dependent measurement functions hi, i = 1, . . . , k, can be computed as:

Jk =
1
σ2
·
k∑
i=1

(
∂hi
∂x

)T
· ∂hi
∂x

, (4)

with entries of the jacobian at time ti:

∂hTi
∂x

=
xi − x(1)

i

|r(1)
i |

− xi − x(2)
i

|r(2)
i |

and
∂hTi
∂y

=
yi − y(1)

i

|r(1)
i |

− yi − y(2)
i

|r(2)
i |

. (5)

This shows that the CRLB depends only on the relative position of the sensors and the
emitter and the measurement accuracy.

The Fisher information matrix J0 at time t0 will usually be singular since we cannot esti-
mate the full state vector x from one TDOA measurement without additional assumptions
[vT86]. In the present case these assumptions concern the area in which the emitter is
supposed to be. As information is additive, these assumptions about the prior distribution
on x can be added to the Fisher information matrix at time t0:

Jpr0 = J0 + Jpr, (6)

where Jpr is the Fisher information of the prior. Assuming a Gaussian prior on x, this will
take the form

Jpr = P−1
pr , (7)

where Ppr is the covariance matrix of the prior state distribution.

For visualization, the best attainable estimation accuracy is given as the square of the trace
of the 2× 2 CRLB matrix.

Fig. 2 shows a plot of the CRLB in the plane for the scenarios given in Section 6. The
initial sensor positions are marked with triangles, and the circle designates the position of
the emitter. For a grid of possible emitter positions in the plane the associated CRLB is
computed and the square of the trace is shown. Values larger than 500 m have been cut off
for better visualization.
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Figure 2: CRLB in the plane, values cut off at 500 m: (a) scenario 1 (b) scenario 2, colorbar in m.

4 Normalized estimation error squared

The evaluation of consistency is vital for verifying a filter design, because consistency is
necessary for filter optimality ([BSLK01]).
Let x̃k|k := x−xk|k be the error of xk|k. The normalized estimation error squared (NEES)
is defined as: εk = x̃Tk|kP

−1
k|kx̃k|k. Under the hypothesis that the filter is consistent, εk is

chi-square distributed with nx degrees of freedom, where nx is the dimension of the state
vector x. Then E [εk] = nx. The test will be based on the results of Monte Carlo simula-
tions that provide N independent samples εik, i = 1, . . . , N , of the random variable εk.
Let the average NEES be

ε̄k =
1
N

N∑
i=1

εik. (8)

In this paper the two-sided 95% acceptance interval is used for the test on consistency. The
filter is consistent if ε̄k lies in the interval [1.878, 2.126] (nx = 2, N = 1000).

5 Estimation algorithms

Efficient estimation algorithms are important to solve the nonlinear emitter localization
problem. In the following, four different methods are investigated.
The Maximum Likelihood estimate (ML) is that value of x which maximizes the con-
ditional probability density function (3). This means that the ML estimator minimizes the
quadratic form: g(xk) = 1

σ2 (zk − h(xk))2 with respect to x. Since there is no closed-
form ML solution for x, a numerical iterative search algorithm is needed to find the min-
imum of the quadratic form. For this paper the simplex method is used. It is initialized



with a central point from the observation area. Being a batch algorithm, the ML method
evaluates, at each update, the complete measurement dataset. It attains the CRLB when
properly initialized. Adverse geometry, like in the scenario 2 of section 6 results in opti-
mization problems. In this scenario the initialization point is chosen in a distance of up to
about 5 km from the true target position. One disadvantage of the ML estimator is the high
computational effort in comparison to the Kalman filters, as can be seen in Fig. 3. Fig. 3
shows the computational efforts of the different estimation algorithms for a Monte Carlo
simulation with 1000 runs for the first scenario of section 6.
The Extended Kalman filter (EKF) approximates the nonlinear measurement equation
by its first-order Taylor series expansion:

Ĥk =
(x− x(1)

k )T

|x− x(1)
k |

− (x− x(2)
k )T

|x− x(2)
k |

∣∣∣∣∣
x=xk

. (9)

Then the Kalman filter equations are applied. The EKF is highly sensitive to the initial-
ization and works satisfactorily only if the initial value is near the true target position.
Initial values are chosen from a parametric approach similar to the approach described in
[MK08]: the first measurement is used for initialization. It defines a hyperbola as possible
emitter location from which several points are taken. These points initialize a ML estimate
which evaluates a sequence of first measurements. The best result is the initial value of
the EKF and the UKF. The computational efforts shown in Fig. 3 include this phase of
initialization.
The Unscented Kalman filter (UKF) (see [JU04]) uses the Gaussian representation of
the posterior density via a set of deterministically chosen sample points. These sample
points are propagated through the unscented transform. Since the nonlinearity is in the
measurement equation, the unscented transform is applied in the update step. Then the KF
equations are carried out.
The initialization is the same as in the EKF. Poor initialization values result in divergent
tracks like in the EKF case.
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Figure 3: Comparison of computational effort

The Gaussian Sum Approximation
overcomes the initialization difficulties
of the Kalman filter like EKF and UKF.
It approximates the density p(z|x) by
a Gaussian Mixture (GM)([HTP99]), a
weighted sum of Gaussian density func-
tions.

The algorithmic procedure for computation of weights wg , means xg and covariances
Pg is the same as in [MK08]. The first measurement is converted into a Gaussian sum.
The computational effort of finding a good initialization point is omitted here. An EKF
is started for each mean and covariance, the weights are updated with the probabilities
p(z|x). The final mean is computed as weighted sum of the individual EKF means: x̄ =∑n
g=1 wg · xg , where n is the number of Gaussian terms.



6 Simulation Results

Two different target tracking scenarios are considered to compare the performance of the
proposed filters. The results presented here are based on 100 measurements averaged over
1000 independent Monte Carlo simulations with a sampling interval of two seconds. The
measurement standard deviation in the range domain is assumed to be 200 m. Fig. 2 in
Section 3 shows the achievable estimation accuracy in the plane for the two scenarios.

In the first scenario, sensors, separated by a distance of 20 km, fly one after the other at a
constant speed of 100 m/s. The emitter at (15, 15) km lies in a well-locatable region. ML
estimation shows good results, EKF and UKF perform well and the NEES lies in the 95%
interval [1.878, 2.126] for both filters, as can be seen from Figure 4 (a). For this scenario
the Gaussian Mixture shows no improvement compared to a single Kalman filter.
In Scenario 2 sensors at (1, 1) km and (16, 1) km fly side by side in parallel at the con-
stant speed of 100 m/s. The CRLB for the emitter position in (10, 7) km indicates poor
estimation accuracy. EKF and UKF have heavy initialization problems, both have a high
number of diverging tracks. Also the ML estimator suffers from difficulties of divergence.
The initialization with a Gaussian Mixture results in 9 simultanously updated EKFs. After
the initial phase they show good performance and attain the CRLB. In Fig. 4 (b) the Root
Mean Square (RMS) errors of the different filters are plotted against the time in seconds.
In this scenario the GM, the bank of 9 EKFs, shows good performance. The results of a
single KF are unusable, they are higher than 105 m and for better visibility not presented.
The ML estimator is initialized as described above and produces good results as well. Due
to the initialization it is in the initial phase better than the CRLB. The CRLB are shown
with initial assumptions.
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Figure 4: (a) NEES for scenario 1 and (b) RMS error for scenario 2



7 Conclusion

In this paper the two-dimensional passive emitter localization problem using TDOA mea-
surements has been analyzed in different scenarios. CRLB analysis shows the character-
istic features of localization and the dependency of estimation accuracy on the emitter-to-
sensors geometry.
ML estimation solves the localization problem and attains the CRLB when well initial-
ized, but has a higher computational effort than the KFs. In adverse scenarios it suffers
from initialization difficulties and diverging tracks. EKF and UKF perform well and attain
the CRLB when properly initialized. Given proper initialization, they work consistently,
the NEES is in the 95% interval. Poor initialization, on the other hand, results in diverg-
ing tracks. The GM approximates the density p(z|x) in an intelligent way. In the inital
phase it has relatively high RMS errors, but then it shows good performance and attains
the CRLB in the investigated scenarios. The computational effort is higher than for the
KFs and lower than for the ML approach.
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