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Abstract: Markov models have been proposed for the classification of DNA-motifs
using generative approaches for parameter learning. Here, we propose to apply the
discriminative paradigm for this problem and study two different priors to facilitate
parameter estimation using the maximum supervised posterior. Considering seven sets
of eukaryotic transcription factor binding sites we find this approach to be superior
employing area under the ROC curve and false positive rate as performance criterion,
and better in general using sensitivity. In addition, we discuss potential reasons for the
improved performance.

1 Introduction
The elucidation of gene regulation is one of the main challenges in functional genomics.
One fundamental prerequisite for a gene to be transcribed, or its transcription to be re-
pressed, is the binding of transcription factors (TFs) to their bindings sites (TFBSs) in the
promoter region of the gene. Binding of TFs is facilitated by short DNA motifs of typically
10-20 bp length, which show a considerable degree of variation between different TFBSs
of the same TF. The detection of TFBSs within a promoter region may be re-formulated
as the problem of classifying each subsequence of fixed length.

A wide range of techniques for predicting TFBSs employ statistical models. A success-
ful application of these models requires a problem-specific choice of (i) an appropriate
model family for motifs and non-motifs, called background, and (ii) an appropriate train-
ing procedure for estimating the model parameters from data sets of known TFBSs and
background sequences. Markov models (MMs) have been successfully used for predicting
and discovering TFBSs [KGR+03, T+05], cis-regulatory modules [BNP+02], and other
DNA motifs [ZM93, Sal97], and so we use Markov models in this paper for predicting
TFBSs for seven eukaryotic TFs.

The generative approach ([Bis06]) including maximum likelihood (ML) and maximum
a posteriori (MAP) is commonly used for parameter estimation. Generally speaking, it
aims at an accurate description of the distribution of nucleotides within the TFBSs and
within the background. Technically, this results in a separate estimation of parameters for
both classes of DNA sequences. This approach is called generative because the resulting
distributions allow, amongst others, to generate TFBSs and background sequences from
a probabilistic model. In contrast, the discriminative approach focuses on the problem
of discriminating between sequences of both classes. The resulting distributions are not
intended to be accurate descriptions of the true distributions within each class. However,
the discriminative approach has often shown a superior classification performance. One
example is the maximum conditional likelihood (MCL) principle, which has been applied
successfully to Bayesian network classifiers and Markov models for a wide range of data
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In this paper, we use inhomogeneous Markov models [ZM93, Sal97] for modeling the
class-conditional likelihood of DNA sequences. For a Markov model of order d (MM(d))
each observation at position l may depend only on its dl = min{d, l − 1} predecessors,
resulting in

PMM(d)(x|c, θ) =
L

l=1

Pl(xl|xl−dl
, . . . , xl−1, c, θ) =

L

l=1

θl,xl|c,xl−dl
,...,xl−1 . (2)

The observations xl−dl
, . . . , xl−1 are called the context of position l, which is empty for

l = 1. In addition to the conditional probabilities θl,xl|c,xl−dl
,...,xl−1 , which constitute

the parameters of the Markov model, we denote the prior probability of class c by θc =
P (c|θ). A Markov model of order d = 0 is equivalent to a position weight matrix (PWM)
model [SSGE82, Sta84], which assumes all L positions to be conditionally independent
given the class.

The ML estimates of the parameters of a Markov model are the relative frequencies ob-
served in the data set, i.e. θ̂ML

l,a|c,b = nl,a|c,b

nl,·|c,b
, a ∈ A, b ∈ Adl where A is the alphabet

and nl,a|c,b is the observed absolute frequency of symbol a at position l given context b of
the predecessors and class c. In addition we have θ̂ML

c = nc

N , where nc is the number of
sequences of class c.

2.3 Maximum conditional likelihood
The discriminative analogue of the ML principle is the maximum conditional likelihood
(MCL) principle,

θ̂MCL = argmax
θ

P (c|D, θ) = argmax
θ

N

n=1

P (cn|xn, θ) (3)

= argmax
θ

N

n=1

log P (cn|xn, θ), (4)

which has been successfully applied to Bayesian network classifiers [WGR+02, GSSZ05,
GD04] and Markov models [YSH05]. The MCL principle is more directly linked to the
classification rule (1) than the ML principle because it focuses on the posterior probabil-
ities P (cn|xn, θ). For maximizing the conditional likelihood, the posterior probabilities
are expressed in terms of the class-conditional and prior probabilites,

P (c|x, θ) =
P (x|c, θ)P (c|θ)

c̃∈C P (x|c̃, θ)P (c̃|θ)
. (5)

In contrast to ML estimators, MCL estimators cannot be obtained analytically for several
popular models including Markov models. Hence, numerical optimization techniques,
such as gradient ascent, are used for the MCL estimation of θ̂MCL. Unfortunately, neither
the conditional likelihood nor the log conditional likelihood are concave functions of θ
[WGR+02]. Hence, numerical optimization techniques often converge only to local max-
ima or saddle points. To solve this problem, an alternative parameterization is proposed
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in [WGR+02] which has also been used for general Bayesian networks [GSSZ05]: Using
new parameters β the following functions Q are defined:

QMM(d)(c, x|β) = exp βc +
L

l=1

βl,xl|c,xl−dl,c
,...,xl−1 (6)

where dl,c is the order of the Markov model of class c at position l.
Choosing βl,xl|c,xl−dl,c

,...,xl−1 = log θl,xl|c,xl−dl,c
,...,xl−1 it is easy to verify, that

QMM(d)(c, x|β) = PMM(d)(x|c, β)P (c|β).

Inserting (6) into (4) the log conditional likelihood in the β-parameterization is given as:

log P (c|D, β) =

NX
n=1

"
log QMM(dcn )(cn, xn|β) − log

 X
c̃∈C

QMM(dc̃)(c̃, xn|β)

!#
(7)

As [WGR+02] prove, the log conditional likelihood is a concave function of β ∈ R|β|

for chordal graphs, which are a subclass of Bayesian networks, and which include Markov
models. For a two class problem, this property also follows from the relation to logis-
tic regression [WGR+02, NJ02, GSSZ05, FI06], because logistic regression results in a
concave objective function [Min03].

We reduce the number of parameters by using a modification of the β-parameterization
proposed by [MP99]. This modification exploits that only A − 1 of the A parameters at
any position possibly given one or more predecessors are free parameters. Without loss of
generality we choose the last parameter βl,|A||c,b not to be free. In the parameterization
of [MP99] this corresponds to fixing this parameter to 0. This reduction of the number of
parameters does not affect the concavity of the conditional likelihood, because we consider
linear sub-spaces of the full space of parameters β. Additionally, we can show that for any
admissible parameter θ we find corresponding parameters in the reduced β space defining

βl,a|c,b = log
θl,a|c,b

θl,|A||c,b
, βc = log

θc

θ|C|
. (8)

We use the parameterization of [MP99] for all of the models and training approaches in
the rest of the paper. It can be shown that the ML estimates of both parameterizations
coincide.

2.4 Maximum a posteriori
The maximum a-posteriori (MAP) principle is another common principle for generative
parameter learning. In this case, the objective is to choose those parameters β that maxi-
mize the posterior P (β|D, c). Decomposing the posterior yields

β̂MAP = argmax
β

P (β|D, c, α) = argmax
β

P (D, c|β)P (β|α),

where α denotes the hyperparameters of the prior P (β|α).
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sets, e.g. data sets from the UCI machine learning repository [NJ02, RWG+05, GSSZ05],
text categorization and protein sequences [YSH05].

In [NJ02] it has been shown for a range of data sets that the performance of MCL clas-
sifiers diminishes as the size of the training data available decreases. This demands for
approaches employing priors on the parameters in a similar manner as e.g. the MAP ap-
proach does for generative learning. Such an approach, called maximum supervised pos-
terior (MSP) approach, has been proposed by [WGR+02, GKM+02, CdM05]. To the best
of our knowledge we are among the first who apply MSP to bioinformatical problems.
Here, we study if this approach could possibly be useful for the recognition of eukaryotic
TFBSs.

2 Methods
In this section we introduce the statistical background and the different principles for learn-
ing the parameters of the models.

2.1 Classification
The well-known Bayes classifier assigns a sequence x = x1x2 . . . xL of length L to class
c∗ ∈ C using

c∗ = argmax
c∈C

P (c|x) = argmax
c∈C

P (c, x), (1)

where P (c|x) denotes the posterior probability of class c given sequence x, and P (c, x)
denotes the joint probability.

To apply this classification rule, either the posterior or the joint distribution must be deter-
mined. Typically, an appropriate family of distributions is chosen, and its parameters θ are
inferred from the data. We assume a data set of N independent and identically distributed
(i.i.d.) data points (xn, cn), and we denote D = (x1, . . . , xN ) and c = (c1, . . . , cN ).
In the remainder of this section, we consider generative and discriminative approaches for
the training of parameters and present their application to Markov models.

2.2 Maximum likelihood
Using the generative approach, the popular maximum likelihood (ML) principle suggests
to choose those parameters θ that maximize the likelihood P (D, c|θ) of the complete data
set (D, c),

θ̂ML = argmax
θ

P (D, c|θ) = argmax
θ

N

n=1

P (xn, cn|θ)

= argmax
θ c∈C

P (c|θ)
n,where cn=c

P (xn|c, θ).

Assuming the parameters of the class-conditional likelihoods P (x|c, θ) to be pairwise
independent allows to determine the ML estimate for each class separately. This approach
is called generative because it aims at an accurate estimation of the underlying probabilities
P (x|c, θ).
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For an inhomogeneous Markov model, we choose a transformed Dirichlet prior, because it
is conjugate to the likelihood represented by Markov models. This results in the MAP es-
timates β̂l,a|c,b = log nl,a|c,b+αl,a|c,b

nl,|A||c,b+αl,|A||c,b
, and β̂c = log nc+αc

n|C|+α|C|
[MP99], We choose the

hyperparameters αl,a|c,b = essc

Adl+1 , αc = essc, where essc denotes the equivalent sample
size of class c [Bun91]. We choose essfg = 16 and essbg = 256. The hyperparame-
ters α can be interpreted as pseudo counts stemming from uniformly distributed pseudo
data within each class. Another view on pseudo counts is that they compensate for zero
frequencies. These are often encountered when only a limited amount of training data is
available, such as in the case of TFBSs.

2.5 Maximum supervised posterior
The maximum supervised posterior (MSP) principle [CdM05, WGR+02, GKM+02] sug-
gests using a prior for discriminative learning in the same way as the MAP principle sug-
gests using a prior for generative learning. The MSP principle closely resembles the transi-
tion from the ML principle to the MAP principle, multiplying the conditional likelihood (4)
by a prior P (β|α),

β̂MSP = argmax
β

P (c|D, β, α)P (β|α). (9)

One technical advantage of MSP estimators over MCL estimators is that they compensate
for zero frequencies. In the β-parameterization, zero frequencies result in parameters
approaching ±∞, which also causes numerical problems.

Here, we propose to use two different priors in conjunction with the MSP principle for
Markov models of different orders, namely a Gaussian prior and a Laplace prior, which are
used for logistic regression [MGL+05, CTG07, GLM05] and maximum entropy models
[CR99].

We assume all parameters of β to be statistically independent, i.e., we choose as prior a
product of univariate densities for each parameter. For the Gaussian prior, we denote the
vector of the means by µ and the vector of the variances by σ2, resulting in

P (β|µ, σ2) =
|C|−1

c=1

1
2πσ2

c

exp −1
2

(βc − µc)2

σ2
c

·
|C|

c=1

L

l=1 b∈Adl

|A|−1

a=1

1

2πσ2
l,a|c,b

exp −1
2

(βl,a|c,b − µl,a|c,b)2

σ2
l,a|c,b

.

The parameters βl,|A||c,b and β|C| do not need to be considered here, because they are
fixed to 0.

We determine the hyper-parameters σ2
c and µc for the classes from prior knowledge about

the occurrence of the DNA-motifs of interest. This will be explained in detail in section 3.
The means µl,a|c,b for the parameters of observational random variables are set to 0. This
corresponds to the a-priori assumption that all symbols at every position occur with the
same probability. The same assumption was employed for the Dirichlet prior for MAP
estimation.
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We define the variances as σ2
l,a|c,b = κcA

|b|+1 = κcA
dl+1. The rationale behind this

heuristic is the assumption that the variance of the parameter prior increases exponentially
with the (local) order dl. This assumption stems from the intuition that, on average, the
number of samples per parameter decreases exponentially with the order of the model.
Consequently, the effect of the prior on the parameters increases with increasing order,
which may be balanced by a higher variance. This is again in analogy to the abovemen-
tioned choice of the transformed Dirichlet prior. Additionally, we assume that a deviation
from the mean of 0 becomes more likely with increasing order. Since we do not have
a-priori knowledge about the values of κfg and κbg, we will choose their values in a pre-
study described in section 3.

The Laplace prior is defined as

P (β|µ, b) =
|C|−1

c=1

1
2bc

exp −|βc − µc|
bc

·
|C|

c=1

L

l=1 b∈Adl

|A|−1

a=1

1
2bl,a|c,b

exp −|βl,a|c,b − µl,a|c,b|
bl,a|c,b

.

We choose µ, bc and bl,a|c,b such that the Laplace prior has the same mean vector and the
same vector of variances as the Gaussian prior, resulting in bc = σ2

c/2 and bl,a|c,b =

σ2
l,a|c,b/2. The Laplace prior entails two properties that are disadvantageous from a

theoretical point of view: its logarithm is not strictly concave, but only concave, and its
derivative with respect to any of the βs is discontinuous at its maximum. We consider both
disadvantages relatively mild for numerical optimization, because the first at worst results
in a slower convergence, and the second is only relevant if we exactly hit the maximum,
which will almost never be the case.

3 Results and Discussion
In this section we compare the classification accuracy of generatively and discriminatively
trained models for the TFBSs of seven eukaryotic TFs.

3.1 Data
We consider seven sets of vertebrate TFBSs of length L = 16 collected from the TRANSFAC R

database (rel. 8.1, 2004), namely AP1 (112 sequences), AR/GR/PR (104 sequences),
C/EBP (149 sequences), GATA (110 sequences), NF1 (96 sequences), Sp1 (257 sequences),
and thyroid hormone receptor-like factors (Thyroid, 127 sequences). All sets consist of ex-
perimentally verified TFBSs collected from the scientific literature. The majority of the
TFBSs stems from human, mouse, and rat and cover three of the four superclasses of TFs:
AP1 and C/EBP belong to the class of basic domain factors, where the latter contains
at least two subfamilies; NF1 belongs to the beta-scaffold factors with minor grove con-
tacts; GATA, Sp1, and Thyroid are factors with zinc-coordinating DNA-binding domains,
and AR/GR/PR comprises three steroid hormone receptors from the same class of factors.
The background data set consists of 267 sequences from second exons of human genes
with 68, 141 bp in total.
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3.2 Analyses
We use three measures for the accuracy of a classifier, namely the area under the ROC
curve (AUC), the sensitivity (Sn = TP

TP+FN ) for a fixed specificity (Sp = TN
TN+FP ) of

99.9%, and the false positive rate (FPR = 1 − Sp = FP
TN+FP ) for a fixed sensitivity

of 95%. AUC indicates the overall performance of a classifier. Sn measures the fraction
of correctly classified foreground sequences if a classifier erroneously predicts one out
of 1000 background sequences to be a TFBS. FPR measures the fraction of incorrectly
classified background sequences if a classifier correctly predicts 95 out of 100 TFBSs.
We use a k-fold stratified holdout sampling procedure [BGSG+05] for obtaining these
measures in a robust way together with estimates of their standard errors.

In the following analyses, we consider only the MAP and the MSP principle, since the
number of binding sites is small for all TFs, and zero frequencies occur even for lower-
order MMs, resulting in a low classification accuracy for ML and MCL (data not shown).

3.2.1 Choice of hyper-parameters
To determine appropriate values of the hyperparameters µfg and σ2

fg, we exploit prior
knowledge from a study by Stepanova et al. [STSB05], who estimate the relative fre-
quencies of occurrence of 184 different TFs in mammalian genomes. We transform these
184 relative frequencies to the β-parameter space using (8). Assuming the 184 β-values
to be statistically independent realizations of a normal density, we estimate µfg = −8.634
and σ2

fg = 5.082.

To determine appropriate values of κc, we perform a pre-study using the data set of Sp1,
which is the largest of the seven data sets of TFBSs. For this set, we perform a grid
search on κfg (0.001 to 5, 12 values) and κbg (0.0005 to 0.5, 10 values), where we fix the
order of the TFBS (foreground) model to dfg = 0 and vary the background order from
dbg = 0 to dbg = 3. For each combination we use a 100-fold stratified holdout sampling
procedure to determine the resulting AUC. For each pair (κfg, κbg), we then compute
the mean AUC over all background orders and choose that (κ∗

fg, κ
∗
bg) which yields the

maximum AUC. We choose AUC as the measure of accuracy, expecting AUC to be more
stable than Sn or FPR, as it integrates over the complete ROC curve. This results in κ∗

fg = 2
and κ∗

bg = 0.005 for the Gaussian prior and κ∗
fg = 0.005 and κ∗

bg = 0.002 for the Laplace
prior. We use these values of the κfg and κbg in all further analyses, which implicates that
the results for Sp1 and the results for AUC are biased by the pre-study.

3.2.2 Comparison of MAP and MSP
Based on the results of the pre-study, we compare the accuracy of MAP, MSP with Gaus-
sian prior (MSP-G), and MSP with Laplace prior (MSP-L) for each of the seven TFs. We
employ MMs of order dfg = 0 and dfg = 1 as foreground models combined with MMs
of order dbg = 0 to dbg = 4 as background models. For each of the seven data sets,
each of the ten model combinations, and each of the three principles, we record the mean
values of the accuracy measures AUC, FPR, and Sn together with their standard errors as
obtained from a 1000-fold stratified holdout sampling procedure. We regard a difference
of performance as significant if it exceeds twice the standard error.
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Figure 1: AUC, FPR, and Sn for 7 eukaryotic TFBSs. In each plot, the first column shows the best
result for MAP, the second column for MSP-G, and the third column for MSP-L. The optimal orders
of the foreground and background model are given on the abscissa as fg / bg. The whiskers indicate
a deviation by the twofold standard error in each direction.

Figure 1 shows the results for MAP, MSP-G, and MSP-L for each of the seven TFs. Com-
paring the AUC obtained by MAP and MSP, we observe a significant improvement for
MSP for both priors and for each data set, with the exception of MSP-L applied to C/EBP.
Comparing the results of MSP-G and MSP-L, we cannot see a clear preference. Out of
the seven data sets, MSP-G performs significantly better than MSP-L for AP1 and C/EBP,
significantly worse for NF1 and Sp1, and comparable for the remaining three data sets.

For FPR, we see a significant improvement, a decrease in this case, regardless of the
prior for five of the seven TFs. For the remaining two data sets, MSP performs better
than MAP for one of the priors. Comparing the MSP approaches, again no clear pattern is
evident: MSP-G yields a significantly lower FPR compared to MSP-L for AP1 and C/EBP,
a significantly higher FPR for AR/GR/PR, GATA, and NF1, and a similar FPR for Sp1 and
Thyroid.

Considering Sn, we again see an improvement for many cases, although the pattern is
less clear. On the one hand, we observe a significant improvement for both discriminative
approaches only for C/EBP and Sp1. On the other hand, MSP-G is superior to MAP for
AP1, AR/GR/PR, C/EBP, and Sp1, and MSP-L is superior to MAP for C/EBP, Sp1 and
Thyroid. For NF1, only MSP-L performs as well as MAP, whereas, for GATA, MSP-G and
MSP-L perform worse than MAP. Interestingly, we see the most impressive improvements
in Sn for AR/GR/PR (2.3 %) and C/EBP (7.8 %), which are known to comprise the binding
sites of different subfamilies of TFs.

For Sn, and to a minor extend for FPR and AUC, we observe that MSP works especially
well for higher model orders for some of the TFBSs. One possible explanation might be
that for these TFBSs long-distance dependencies exist, which can be captured by higher-
order models, suggesting the use of models that can capture non-adjacent dependencies,
such as Bayesian trees, in the future.
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Figure 2: AUC, FPR, and Sn for the GATA set. The models considered are MM(0)/MM(d) ( )
and MM(1)/MM(d) ( ) for MAP, and MM(0)/MM(d) for MSP-G ( ) and MSP-L ( ).

3.2.3 Priors and orders
In the following we study to which degree the performance of MSP-G and MSP-L may
vary from model to model. Although MSP-L yields a higher accuracy than MSP-G on the
GATA set considering AUC and FPR using the best combination of models (see figure 1),
this could possibly not be the case for all model orders. Figure 2 presents the results of
MAP, MSP-G, and MSP-L for different orders of the MMs and this TF. We find that MSP-
L is more sensitive to the order of the models employed than MSP-G. Interestingly, the
performance of MSP-L significantly decreases for AUC and FPR with increasing order,
whereas that of MSP-G stays relatively constant. This observation is in agreement to the
observation that MSP-G, in contrast to MSP-L, shows a comparable or a better perfor-
mance than MAP for any model order considering AUC and FPR. Both observations also
hold for the other data sets (data not shown) and suggest the future use of MSP-G for the
classification of eukaryotic TFBSs.

3.2.4 Differences between generative and discriminative learning
With the goal to understand to some degree why MSP shows a superior classification per-
formance in many cases, we compare the parameter values obtained by MAP and MSP-G
training. We transform the parameter estimates of the MM(0) into the θ-parametrization
and compute the log ratios of the parameters between the foreground and background
model. This results in log ratios lr(l, a) for each position l and symbol a. As we com-
pute these values for the MAP and the MSP-G principle, we obtain two sets of values
{lr(l, a)MSP−G} and {lr(l, a)MAP}. The difference of the corresponding values d(l, a) =
lr(l, a)MSP−G − lr(l, a)MAP then provides an insight into the reasons of differing classifi-
cation.

We present the results of this analysis for AR/GR/PR in the lower plot of figure 3, while
the upper plot shows the sequence logo of the AR/GR/PR foreground data set [SS90]. In-
terestingly, we find the most noticeable differences d(l, a) between the MSP and the MAP
classifier for those positions l with the greatest nucleotide conservation according to the
sequence logo. We might speculate that these positions are the most important for the
binding of AR/GR/PR to its TFBSs. Interestingly, it is exactly these conserved positions
on which the MSP-G principle focuses even more strongly than the MAP principle. This
might explain the superior performance of the MSP-G principle.
For most of the positions with high nucleotide conservation (7, 8, 10, and 11) the pa-
rameters of the MSP-G classifier compared to MAP more strongly tend to the consensus
nucleotide (G,T,C, and T, respectively). In figure 3 this shows as large negative differ-
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MSP principle using Gauss (MSP-G) and Laplace (MSP-L) priors. As measures of accu-
racy, we use the area under the ROC curve, the false positive rate for a fixed sensitivity of
95%, and the sensitivity for a fixed specificity of 99.9%. Performing a 1000-fold stratified
holdout sampling procedure, we find that the recognition of TFBSs can be improved sig-
nificantly for most of the studied data sets and measures of classification accuracy by using
the MSP approach in favor of the MAP approach. Although the MSP approach achieves
an impressively higher sensitivity for a subset of the studied TFs including AR/GR/PR and
C/EBP, we do not see an improvement as measured by the sensitivity for all of the factors.
With respect to varying the orders of the Markov models MSP-G is more stable, even
though MSP-L yields a higher accuracy than MSP-G in a few cases. In all of the studied
cases, MSP-G achieves a comparable or a better classification performance than the MAP
approach considering area under curve and false positive rate regardless of the orders of
the Markov models. This suggests that the MSP approach using Gaussian priors could
be useful for the prediction of other TFBSs or other DNA motifs, such as nucleosomal
binding sites, splice sites, or splicing enhancers.
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