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Abstract
We study linear equations in combinatorial Laplacians of k-dimensional simplicial complexes (kcomplexes), a natural generalization of graph Laplacians. Combinatorial Laplacians play a crucial
role in homology and are a central tool in topology. Beyond this, they have various applications in
data analysis and physical modeling problems. It is known that nearly-linear time solvers exist for
graph Laplacians. However, nearly-linear time solvers for combinatorial Laplacians are only known
for restricted classes of complexes.
This paper shows that linear equations in combinatorial Laplacians of 2-complexes are
as hard to solve as general linear equations. More precisely, for any constant c ≥ 1, if
we can solve linear equations in combinatorial Laplacians of 2-complexes up to high accuracy in time Õ((# of nonzero coefficients)c ), then we can solve general linear equations with
polynomially bounded integer coefficients and condition numbers up to high accuracy in time
Õ((# of nonzero coefficients)c ). We prove this by a nearly-linear time reduction from general linear
equations to combinatorial Laplacians of 2-complexes. Our reduction preserves the sparsity of the
problem instances up to poly-logarithmic factors.
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Hardness Results for Laplacians of Simplicial Complexes

1
1.1

Introduction
Simplicial Complexes, Homology, and Combinatorial Laplacians

We study linear equations whose coefficient matrices are combinatorial Laplacians of kdimensional abstract simplicial complexes (k-complexes), which generalize the well-studied
graph Laplacians. An abstract simplicial complex K is a family of sets, known as simplices,
closed under taking subsets, i.e., every subset of a set in K is also in K. The dimension
of K is the maximum dimension among all simplices in K. A geometric notion of abstract
simplicial complexes is simplicial complexes, under which a k-simplex is the convex hull of
k + 1 vertices (for example, 0,1,2-simplices are vertices, edges, and triangles, respectively).
In particular, complexes in 1 dimension are graphs; combinatorial Laplacians in 1-complexes
are graph Laplacians.
Nearly-linear time solvers exist for linear equations in graph Laplacians [42, 26, 27, 39,
11, 31, 24], and some natural generalizations such as connection Laplacians [29] and directed
Laplacians [10, 9]. However, nearly-linear time solvers for linear equations in combinatorial
Laplacians are only known for very restricted classes of 2-complexes [8, 3]. We ask whether
one can extend these nearly-linear solvers to general combinatorial Laplacians.
Combinatorial Laplacians are defined via boundary operators of the chain spaces of an
oriented complex. Given an oriented simplicial complex K, a k-chain is a (signed) weighted
sum of the k-simplices in K. The boundary operator ∂k is a linear map from the k-chain
space to the (k − 1)-chain space; in particular, it maps a k-simplex to a signed sum of
its boundary (k − 1)-simplices, where the signs are determined by the orientations of the
k-simplex and its boundary (k − 1)-simplices. For example, ∂1 is the oriented vertex-edge
⊤
incidence matrix. The combinatorial Laplacian Lk is defined to be ∂k+1 ∂k+1
+ ∂k⊤ ∂k . In
⊤
particular, L0 = ∂1 ∂1 is the graph Laplacian.
Combinatorial Laplacians play an important role in both pure mathematics and applied
areas. These matrices originate in the study of discrete Hodge decomposition [18]: The
kernel of Lk is isomorphic to the kth homology space of K. The properties of combinatorial
Laplacians have been studied in many works [20, 15, 16, 17, 36]. A central problem in
homology theory is evaluating the Betti number of the kth homology space, which equals the
rank of Lk . In the case of homology over the reals, computing the rank of Lk can be reduced
to solving a poly-logarithmic number of linear equations in Lk [2]. Computation of Betti
numbers over the reals is a key step in numerous problems in applied topology, computational
topology, and topological data analysis [47, 21, 5, 19, 6]. In addition, combinatorial Laplacians
have applications in statistical ranking [25, 45], graphics and image processing [35, 44],
electromagnetism and fluid mechanics [13], data representations [7], cryo-electron microscopy
[46], biology [41]. We refer to the reader to [34] for an accessible survey.
The reader may be puzzled that despite a vast literature on combinatorial Laplacians and
their central role in topology, little is known about solving linear equations in these matrices
except in very restricted cases [8, 3]. In this paper, we show that approximately solving linear
equations in general combinatorial Laplacians is as hard as approximately solving general linear equations over the reals, which explains the lack of special-purpose solvers for this class of
equations. More precisely, if one can solve linear equations in combinatorial Laplacians of general 2-complexes to high accuracy in time Õ((# of nonzero coefficients)c )1 for some constant

1

Õ hides poly-logarithmic factors in following parameters of the input: ratio of maximum and minimum
non-zero singular values, the maximum ratio of non-zero entries (in absolute value), and the inverse of
the accuracy parameter.
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c ≥ 1, then one can solve general linear equations with polynomially bounded integer coefficients and condition numbers up to high accuracy in time Õ((# of nonzero coefficients)c ).
A recent breakthrough shows that general linear equations can be solved up to high accuracy
e
in time O((#
of nonzero coefficients)2.27159 ) [40, 38], which for sparse linear equations is
asymptotically faster than the long-standing runtime barrier of fast matrix multiplication
[43], which currently achieves a running time of Õ(n2.3728596 ) [1]. Understanding the optimal
value of c is a major open problem in numerical linear algebra. Our result, viewed positively,
shows that one can reduce the problem of designing fast solvers for general linear equations
to that for combinatorial Laplacians.

1.2

Hardness Results Based on Linear Equations

Kyng and Zhang [33] initiated the study of hardness results for solving structured linear
equations. They showed that solving linear equations in a slight generalization of graph
Laplacians such as 2-commodity Laplacians, 2-dimensional truss stiffness matrices, and
2-total-variation matrices is as hard as solving general linear equations.
Suppose given an invertible matrix A and a vector b over the reals, we want to approximately solve Ax = b, i.e., find x̃ such that ∥Ax̃ − b∥2 ≤ ϵ ∥b∥2 for some ϵ.
▶ Definition ((Informal) Sparse-linear-equation completeness of matrix family B). Consider
a family of matrices B, and suppose that for any instance (A, b, ϵ) we can produce matrix
B ∈ B, vector c, and accuracy parameter δ, such that if we can solve By = c up to error δ,
then we can produce x̃ that solves Ax = b to the desired accuracy.
If, given (A, b, ϵ), we can compute (B, c, δ) in Õ(nnz(A)) time with nnz(B) = Õ(nnz(A))
then we say that the class B is sparse-linear-equation complete.
In our preliminaries in Section 2, we state a formal definition of sparse-linear equation
completeness that also extends to non-invertible matrices.
The reason of using the term “completeness” is that if a solver with runtime
Õ((# of nonzero coefficients)c ) is known for the class B, then a solver with runtime
Õ((# of nonzero coefficients)c ) exists for general matrices. Such solvers are known for the
classes of Laplacian Matrices, Directed Laplacian Matrices, Connection Laplacian Matrices,
etc., all with c = 1. Thus, if any of these classes were sparse-linear-equation complete, we
would immediately get nearly-linear time solvers for general linear equations.
In this language, Kyng and Zhang [33] showed that 2-commodity Laplacians, 2-dimensional
truss stiffness matrices, and 2-total-variation matrices are all sparse-linear-equation complete.
We note that [32] considered a larger family of hardness assumptions based on linear
equations, which, among other things, can express weaker hardness statements based on
weaker reductions.

1.3

Our Contributions

In the terminology established above, our main result can be stated very succinctly:
▶ Theorem 1.1 (Informal First Main Theorem). Linear equations in combinatorial Laplacians
of 2-complexes are sparse-linear-equation complete.
In fact, we show this by showing an even simpler problem is sparse-linear-equation complete,
namely linear equations in the boundary operator of a 2-complex.
▶ Theorem 1.2 (Informal Second Main Theorem). Linear equations in the boundary operators
∂2 of 2-complexes are sparse-linear-equation complete.
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This result is formally stated in Theorem 3.1. Below, in Section 1.3.1, we sketch how our
first main theorem above follows from our second main theorem. We give a formal proof of
this in the full version [14].
Our proof establishes the sparse-linear-equation completeness of boundary operators of a 2complex via a two-step reduction. In our first reduction step, we show sparse-linear-equation
completeness of a very simple class of linear equations which we call difference-average
equations: these are equations where every row either restricts the difference of two variables:
x(i) − x(j) = b, or it sets one variable to be the average of two others: x(i) + x(j) = 2x(k).
This reduction was implicitly proved in [33] as an intermediate step. In this paper, we
make the reduction explicit, which may be of independent interest, as this reduction class
is likely to be a good starting point for many other hardness reductions. One can think of
this step as analogous to showing that 3-SAT is NP-complete: It gives us a simple starting
point for proving the hardness of other problems. The formal theorem statement appears in
Theorem 2.9. In our second reduction step, we reduce a given difference-average equation
problem to a linear equation in the boundary operator of a 2-complex.
Both the two steps preserve the number of nonzero coefficients in the linear equations up
to a logarithmic factor, and only blow up the coefficients and condition numbers polynomially.
The reductions are also robust to error in the sense that to solve the original problem to
high accuracy, it suffices to solve the reduced problem to accuracy at most polynomially
higher. Finally, we can compose the two reductions to show that solving linear equations in
2-complex boundary operators to high accuracy is as hard as solving general linear equations
with polynomially bounded integer coefficients and condition numbers to high accuracy.
We give more details on both reductions below, but first we describe why solving linear
equations in combinatorial Laplacians L1 is also sparse-linear-equation complete.

1.3.1

Hardness for Combinatorial Laplacians From Hardness for
Boundary Operators

Our main technical result, Theorem 3.1, shows that the class of linear equations in the
boundary operators of 2-complexes is sparse-linear-equation complete. But, as the following
simple lemma shows, we can reduce the problem of solving in a boundary operator ∂2 to
solving in the corresponding combinatorial Laplacian L1 , and hence the latter problem must
be at least as hard. This then immediately implies our first main result, Theorem 1.1. The
reduction is captured in the following lemma.
▶ Lemma 1.3 (Informal reduction from boundary operators to combinatorial Laplacians in 2-complexes). Suppose we can solve linear equations in combinatorial Laplacians of 2-complexes
to high accuracy in nearly-linear time. Then, we can solve linear equations in boundary
operators ∂2 of 2-complexes to high accuracy in nearly-linear time.
The proof is by standard arguments which we sketch below. In the full version of the paper
[14], we will formally state the theorem and provide a rigorous proof. Suppose we have a
high-accuracy solver for combinatorial Laplacians of 2-complexes. Using this, we want to
obtain a solver for linear equations in the boundary operator ∂2 . Note that when the equation
∂2 f = d is infeasible, we measure the solution quality by ∥∂2 f − Π∂2 d∥2 where Π∂2 denotes
the orthogonal projection onto the image im(∂2 ). The minimum over f of the quantity
∥∂2 f − Π∂2 d∥2 is zero, which is obtained by setting f = ∂2† d (where ∂2† is the Moore-Penrose
pseudo-inverse of ∂2 ). The equation ∂2 f = d is feasible exactly when Π∂2 d = d.
A central and basic fact in the study of simplicial homology is that im(∂1⊤ ) ∩ im(∂2 ) = {0}.
This follows from ∂1 ∂2 = 0 (the boundary of a boundary is zero, which gives im(∂2 ) ⊆ ker(∂1 ))
and the general fact in linear algebra that ker(A) is the orthogonal complement of im(A⊤ ) so
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that ker(∂1 ) is orthogonal to im(∂1⊤ ). Intuitively, the fact that the boundary of a boundary
is zero generalizes that the boundary of a disc is a circular path, and such a path has
no endpoints. This implies that Π∂2 ∂1⊤ = 0. Now, suppose that x̃ approximately solves
L1 x = d, i.e. L1 x̃ ≈ d. We can rewrite this as ∂1⊤ ∂1 x̃ + ∂2 ∂2⊤ x̃ ≈ d. Now, if we apply
Π∂2 on both sides, Π∂2 d ≈ Π∂2 ∂2 ∂2⊤ x̃ = ∂2 ∂2⊤ x̃. Thus if we set f̃ = ∂2⊤ x̃, then we have
Π∂2 d ≈ ∂2 f̃ , which matches our notion of f̃ approximately solving the (possibly infeasible)
linear equation ∂2 f = d. This means that if we can approximately solve linear equations
in L1 , we can solve linear equations in ∂2 . This way we can also argue that if we can solve
linear equations in ∂2 ∂2⊤ , then we can solve linear equations in ∂2 . Finally, one should note
that nnz(L1 ) = O(nnz(∂2 )) and that using our definition of condition number (see Section 2),
both have polynomially related condition number2 . This also means a high accuracy solve in
one can be converted to a high accuracy solve in the other.

1.3.2

Linear Equations in ∂2 ∂2⊤

In addition to the many applications discussed in Section 1.1, the problem of solving linear
equations in ∂2 ∂2⊤ also arises when using Interior Point Methods to solve a generalized
max-flow problem in higher-dimensional simplicial complexes as defined in [36]. We sketch
how this inverse problem arises when using an Interior Point Method in the full version of
the paper [14]. By a similar argument as Lemma 1.3, we can show that if we can solve linear
equations in ∂2 ∂2⊤ to high accuracy in nearly-linear time, then we can solve linear equations
in ∂2 to high accuracy in nearly-linear time.

1.3.3

Sparse-Linear-Equation Completeness of Difference-Average
Equations

Our first reduction transforms general linear equations with polynomially bounded integer
entries and condition numbers into difference-average equations. We first transform a general
linear equation instance to a linear equation instance such that the coefficient matrix has
row sum zero and the sum of positive coefficients in each row is a power of 2, by introducing
a constant number of more variables and equations. Then, we transform each single equation
to a set of difference-average equations by bit-wise pairing and replacing each pair of variables
with a new variable via an average equation.

1.3.4

Sparse-Linear-Equation Completeness of Boundary Operators of
Simplicial Complexes

Our second reduction transforms difference-average linear equations into linear equations in
the boundary operators of 2-complexes. Solving ∂2 f = d can be interpreted as computing a
flow f in the triangle space of a 2-complex subject to pre-specified edge demands f .
Our reduction is inspired by a reduction in [36] that proves NP-hardness of computing
maximum integral flows in 2-complexes via a reduction from 3-coloring problems in graphs.
However, the correctness of their reduction heavily relies on that the flow values in the
2-complex are 0-1 integers, which does not apply in our setting. In addition, it is unclear how
to encode linear equations as a graph coloring problem even if fractional colors are allowed.
We employ some basic building blocks used in [36] including punctured spheres and tubes.
However, we need to carefully arrange and orient the triangles in the 2-complex to encode
both the positive and negative coefficients in difference-average equations, and we need to
express the averaging relations not covered by the previous work.
2

This is because ∂1 has polynomially bounded singular values.
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An important aspect of our contribution is that we carefully control the number of nonzeros of the boundary operator matrix that we construct, and we bound the condition number
of this matrix and how error propagates from an approximate solution to the boundary
operator problem back to the original difference-average equations. In order to do so, we
develop explicit triangulation algorithms that specify the precise number of triangles needed
to triangulate each building block and allow a detailed error and condition number analysis.
We remark that our constructed 2-complex does not admit an embedding into a sphere in
3 dimensions. Recent work [3] has shown that simplicial complexes with a known embedding
into R3 have non-trivial linear equation solvers, but the full extent to which embeddability
can lead to better solvers remains an open question.
We analyze our construction in the Real RAM model. However, it can be transferred to
the fixed point arithmetic model with (log N )O(1) bits per number, where N is the size of
the problem instance.

1.4

Related Works

Generalized Flows. One can generalize the notions of flows, demands vectors, circulations,
and cuts to higher-dimensional simplicial complexes [17, 36]. Recall that in a graph, flows
and circulations are defined on a vector space over edges, while demands and cuts are defined
on a vector space over vertices. On a connected graph, a demand vector is a vector orthogonal
to the all-ones vector, i.e. in the kernel of the boundary operator ∂0 . A flow that routes
demand d, is a vector f such that ∂1 f = d.
More generally, on a k-complex, we say a demand vector is a vector d on (k − 1)-simplices
with d ∈ ker(∂k−1 ). We say a flow is a vector f on k-simplices, and that the flows f routes
demand d if ∂k f = d. Given a demand vector d ∈ ker(∂k−1 ) and a capacity vector c for
the k-simplices, a reasonable generalization of the max-flow problem to k-complexes is to
compute a flow f satisfying ∂k f = αd and 0 ≤ f ≤ c to maximize the flow value α.
Solving Linear Equations. Linear equations are ubiquitous in computational mathematics,
computer science, engineering, physics, biology, and economics. Currently, the best known
algorithm for solving general dense linear equations in dimensions n × n runs in time Õ(nω ),
where ω < 2.3728596 is the matrix multiplication constant [1]. For sparse linear equations
with N nonzero coefficients and condition number κ, the best known approximate algorithms
2.27159
e
run in time O(min{N
, N κ}), where the first runtime is from [40, 38] and the second is
3
by the conjugate gradient [23].
In contrast to general linear equations, linear equations in graph Laplacians and its
generalizations can be solved asymptotically faster, as mentioned earlier. In addition, faster
solvers are also known for restricted classes of total-variation matrices [28], stiffness matrices
from elliptic finite element systems [4], and 2 and 3-dimensional truss stiffness matrices [12, 30].
An interesting open question is to what extent one can generalize these faster solvers to more
classes of matrices.
Reduction From Sparse Linear Equations. [32] defines a parameterized family of hypotheses
for runtime of solving sparse linear equations. Under these hypotheses, they prove hardness of
approximately solving packing and covering linear programs. For example, if one can solve a
packing linear program up to ϵ accuracy in time Õ(# of nonzero coefficients × ϵ−0.165 ), then
one can solve linear equations in time asymptotically faster than Õ(# of nonzero coefficients×
condition number of matrix), which is the runtime of conjugate gradient.
3

√
If the coefficient matrix is symmetric positive semidefinite, the runtime is Õ(N κ).
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Preliminaries

2.1

Simplicial Homology

We define the basic concepts of simplicial homology. We recommend the reader the books [37]
and [22] for a more complete treatment.
Simplicial Complexes. A k-dimensional simplex (or k-simplex) σ = conv{v0 , . . . , vk } is the
convex hull of k + 1 affinely independent points v0 , . . . , vk . For example, 0,1,2-simplices are
vertices, edges, and triangles, respectively. A face of σ is the convex hull of a non-empty
subset of {v0 , v1 , . . . , vk }. An orientation of σ is given by an ordering Π of its vertices,
written as σ = [vΠ(0) , . . . , vΠ(k) ], such that two orderings define the same orientation if and
only if they differ by an even permutation. If Π is even, then [vΠ(0) , . . . , vΠ(k) ] = [v0 , . . . , vk ];
if Π is odd, then [vΠ(0) , . . . , vΠ(k) ] = −[v0 , . . . , vk ].
A simplicial complex K is a finite collection of simplices such that (1) for every σ ∈ K
if τ ⊂ σ then τ ∈ K and (2) for every σ1 , σ2 ∈ K, σ1 ∩ σ2 is either empty or a face of both
σ1 , σ2 . The dimensions of K is the maximum dimension of any simplex in K. We refer to a
simplicial complex in k dimensions as a k-complex.
Boundary Operators. A k-chain is a formal sum of the oriented k-simplices in K with the
coefficients over R. Let Ck (K) denote the kth chain space. The boundary operator is a linear
map ∂k : Ck (K) → Ck−1 (K) such that for an oriented k-simplex σ = [v0 , v1 , . . . , vk ],
∂k (σ) =

k
X

(−1)i [v0 , . . . , v̂i , . . . , vk ],

i=0

where [v0 , . . . , v̂i , . . . , vk ] is the oriented (k − 1)-simplex obtained by removing vi from σ, and
(−1)i is its induced orientation. The operator ∂k can be written as a matrix in nk−1 × nk
dimensions, where nd is the number of d-simplices in K. The (i, j)th entry of ∂k is ±1 if
the ith (k − 1)-simplex is a face of the jth k-simplex where the sign is determined by the
orientations, and 0 otherwise. See Figure 1 and Eq. (1) for an example.
v3

v4
v1

v2

Figure 1 An example of boundary operator and oriented triangulation. We orient 2-simplices
clockwise, and orient 1-simplices by the increasing order of vertex indices.

[v , v , v ]
 1 4 2
[v1 , v2 ]
−1
[v2 , v3 ]
0

[v1 , v3 ]
0
∂2 =

[v1 , v4 ]
1
[v2 , v4 ]
−1
[v3 , v4 ]
0

[v2 , v4 , v3 ]
0
−1
0
0
1
−1

[v1 , v3 , v4 ]

0
0


1

.
−1


0
1

(1)
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An important property of the boundary operator is that applying the boundary operator
twice results in the zero operator, i.e.,
∂k−1 ∂k = 0.

(2)

This implies im(∂k ) ⊆ ker(∂k−1 ). Thus, we can define the quotient space Hk = ker(∂k ) \
im(∂k+1 ), referred to as the kth homology space of K. The dimension of Hk is the kth Betti
number of K, which plays an important role in understanding the homology spaces.
Hodge Theory and Combinatorial Laplacians.
discrete Hodge decomposition.

Combinatorial Laplacians arise from the

▶ Theorem 2.1 (Hodge decomposition [34]). Let A ∈ Rm×n and B ∈ Rn×p be matrices
satisfying AB = 0. Then, there is an orthogonal direct sum decomposition
Rn = im(A⊤ ) ⊕ ker(A⊤ A + BB ⊤ ) ⊕ im(B).
By Eq. (2), it is valid to set A = ∂k and B = ∂k+1 . The matrix we get in the middle term
def

⊤
is the combinatorial Laplacian: Lk = ∂k⊤ ∂k + ∂k+1 ∂k+1
. In particular, L0 = ∂1 ∂1⊤ is the
graph Laplacian. The kth homology space Hk (K) is isomorphic to ker(Lk ), and thus the kth
Betti number of K equals the dimension of ker(Lk ).

Triangulation. A triangulation of a topological space X is a simplicial complex K together
with a homeomorphism between X and K. In this paper, the only topological spaces that
we compute triangulations of are 2-dimensional manifolds. A 2-dimensional manifold can
be triangulated by a 2-complex, where every edge in the 2-complex is contained in exactly
one triangle (boundary edge) or two triangles (interior edge). An oriented triangulation of a
2-dimensional manifold is a triangulation together with an orientation for each triangle such
that any two neighboring triangles induce opposite signs on their shared interior edge.
Figure 1 is an example of (oriented) triangulation: the topological space is a disk; boundary
edges are [v1 , v2 ], [v2 , v3 ], [v1 , v3 ]; interior edges are [v1 , v4 ], [v2 , v4 ], [v3 , v4 ]; the orientation of
each triangle is clockwise.

2.2

Notation for Matrices and Vectors

We use parentheses to denote entries of a matrix or a vector: Let A(i, j) bet the (i, j)th
entry of a matrix A, and let x(i) bet the ith entry of a vector x. We use 1n , 0n to
denote n-dimensional all-one vector and all-zero vector, respectively. We define ∥x∥max =
P
maxi∈[n] |x(i)|, ∥x∥1 = i∈[n] |x(i)|. Given a matrix A ∈ Rd×n , we use A(i) to denote the
ith row of A and nnz(A) the number of nonzero entries of A. Without loss of generality,
we assume that nnz(A) ≥ max{d, n}. We let ∥A∥max = maxi,j |A(i, j)|. We use im(A) to
denote the image (i.e., the column space) of A and null(A) the null space of A. We let
ΠA = A(AA⊤ )† A⊤ be the orthogonal projection onto im(A), where M † is the pseudoinverse of M . Let λmax (A) be the maximum eigenvalue of A and λmin (A) the minimum
nonzero eigenvalue of A. Similarly, let σmax (A) be the maximum eigenvalue of A and
σmin (A) the minimum nonzero singular value of A. The condition number of A, denoted by
κ(A), is the ratio of the maximum to the minimum nonzero singular value of A.
We define a function U that takes a matrix A and a vector b as arguments and returns
the maximum of ∥·∥max of all the arguments, that is, U (A, b) = max{∥A∥max , ∥b∥max }.
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Systems of Linear Equations

We define approximately solving linear equations in a general form, following [33]. For more
details, we refer the readers to Section 2.1 of [33].
▶ Definition 2.2 (Linear Equation Problem (le)). Given a matrix A ∈ Rd×n , a vector b ∈ Rd ,
we refer to the linear equation problem for the tuple (A, b), denoted by le (A, b), as the
problem of finding an x ∈ Rn such that x ∈ arg minx∈Rn ∥Ax − b∥2 .
▶ Fact 2.3. Let x ∗ ∈ arg minx∈Rn ∥Ax − b∥2 . Then,
Ax ∗ = A(A⊤ A)† A⊤ b = ΠA b

2

2

∥Ax ∗ − b∥2 = ∥(I − ΠA )b∥2 .

and

By the above fact, solving le (A, b) is equivalent to finding an x such that Ax = ΠA b.
This equation is known as the normal equation, and it is always feasible. If b ∈ im(A), then
ΠA b = b.
In practice, we are more interested in approximately solving linear equations, since
numerical errors are unavoidably in data collection and computation and approximate solvers
may run faster.
▶ Definition 2.4 (Linear Equation Approximation Problem (lea)). Given a matrix A ∈ Rd×n ,
vectors b ∈ Rd , and an error parameter ϵ ∈ (0, 1], we refer to linear equation approximate
problem for the tuple (A, b, ϵ), denoted by lea (A, b, ϵ), as the problem of finding an x ∈ Rn
such that ∥Ax − ΠA b∥2 ≤ ϵ ∥ΠA b∥2 .
▶ Fact 2.5. Let x be a solution to lea (A, b, ϵ). Then,
2

2

2

∥Ax − b∥2 ≤ ∥Ax ∗ − b∥2 + ϵ2 ∥ΠA b∥2 .
The definition of the approximate error in Definition 2.4 is equivalent to several error
notions that are commonly used in solving linear equations. In particular,
∥Ax − ΠA b∥2 = A⊤ Ax − A⊤ b

2.3.1

(A⊤ A)†

= ∥x − x ∗ ∥A⊤ A .

Matrix Classes

We are interested in linear equations whose coefficient matrices belonging to the following
matrix classes.
1. G refers to the class of General Matrices that have integer entries and do not have all-0
rows and all-0 columns. We refer to linear equations whose coefficient matrix is in G as
general linear equations.
2. DA refers to the class of Difference-Average Matrices whose rows fall into two categories:
a. A difference row which has exactly two nonzero entries 1 and −1;
b. An average row which has exactly three nonzero entries 1, 1, and −2.
Multiplying a difference row vector to a column vector x gives x(i) − x(j); multiplying
an average row vector to x gives x(i) + x(j) − 2x(k). We refer to linear equations whose
coefficient matrix is in DA as difference-average linear equations.
3. B2 refers to the class of Boundary Operator Matrices ∂2 in 2-complexes. We refer to
linear equations whose coefficient matrix is in B2 as 2-complex boundary linear equations.
Our definition of “general matrices” specifies the matrix must have integer entries. However,
when the input matrix is invertible, using a simple rounding argument, we can convert any
e
linear equation into an linear equation with integer entries O(1)
bits per entry. We caution
e
the reader this relies on our definition of O(·) as hiding polylogarithmic factors in the input
condition number. In general, the condition number can be exponentially large – however,
our results are mainly of interest when the condition number is quasipolynomially bounded.
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2.3.2

Reduction Between Linear Equations

We will again follow the definition of efficient reductions in [33]. We say lea over matrix class
M1 is nearly-linear time reducible to lea over matrix class M2 , denoted by M1 ≤nlt M2 , if
the following holds:
1. There is an algorithm that maps an arbitrary instance lea (M 1 , c 1 , ϵ1 ) where M 1 ∈ M1
to an instance lea (M 2 , c 2 , ϵ2 ) where M 2 ∈ M2 such that there is another algorithm
that can map a solution to lea (M 2 , c 2 , ϵ2 ) to a solution to lea (M 1 , c 1 , ϵ1 ).
e
2. Both the two algorithms run in time O(nnz(M
1 )).
−1
e
3. In addition, we can guarantee nnz(M 2 ) = O(nnz(M
1 )), and ϵ2 , κ(M 2 ), U (M 2 , b 2 ) =
−1
poly(nnz(M 1 ), ϵ1 , κ(M 1 ), U (M 1 , b 1 )).
We do not require a nearly-linear time reduction to preserve the number of variables or
constraints (dimensions) of linear equations. The dimensions of the new linear equation
instance that we construct can be much larger than that of the original instance. On the
other hand, a reduction that only preserves dimensions may construct a dense linear equation
instance even if the original instance is sparse. A nearly-linear time reduction that preserves
both the number of nonzeros and dimensions would be stronger than what we achieve.
▶ Fact 2.6. If M1 ≤nlt M2 and M2 ≤nlt M3 , then M1 ≤nlt M3 .
▶ Definition 2.7 (Sparse linear equation complete (sle-complete)). We say lea over a matrix
class M is sparse-linear-equation-complete if G ≤nlt M.
▶ Fact 2.8. Suppose lea over M is sle-complete. If one can solve all instances lea (A, b, ϵ)
with A ∈ M in time Õ(nnz(A)c ) where c ≥ 1, then one can solve all instances lea (A′ , b ′ , ϵ′ )
with A′ ∈ G in time Õ(nnz(A′ )c ).
Under the above definitions, [33] implicitly shows the following results. We provide an
explicit and simplified proof in the full version of the paper [14].
▶ Theorem 2.9 (Implicitly stated in [33]). lea over DA is sle-complete.

3

Main Results

Our main result is stated in the following theorem.
▶ Theorem 3.1. lea over B2 is sle-complete.
Theorem 3.1 states that a linear equation approximation problem over a boundary
operator of a 2-complex is sparse linear equation complete. See Section 2 for detailed
definitions.
Although our main theorem focuses on linear equation approximate problems, we construct
nearly-linear time reductions for both linear equation problem le and its approximate
counterpart lea. We first reduce le instances (A, b) (and lea instances (A, b, ϵ)) over
difference-average matrices to those over 2-complex boundary operator matrices, under
the assumption b ∈ im(A) (stated in Theorem 3.2 and 3.3). In this case, the constructed
2-complexes have unit edge weights. We then provide a slightly modified nearly-linear time
reduction for lea (A, b, ϵ) over difference-average matrices to lea over 2-complex boundary
operator matrices without assuming b ∈ im(A) (stated in Theorem 3.4). In this case, we
introduce polynomially bounded edge weights for the constructed 2-complexes.
▶ Theorem 3.2. Given a linear equation instance le (A, b) where A ∈ DA and b ∈ im(A),
we can reduce it to an instance le (∂2 , γ) where ∂2 ∈ B2 , in time O(nnz(A)), such that a
solution to le (∂2 , γ) can be mapped to a solution to le (A, b) in time O(nnz(A)).
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▶ Theorem 3.3. Given a linear equation instance lea (A, b, ϵDA ) where A ∈ DA and
ϵDA
b ∈ im(A), we can reduce it to an instance lea (∂2 , γ, ϵB2 ) where ∂2 ∈ B2 and ϵB2 ≤ 42 nnz(A)
,
B2
in time O(nnz(A)), such that a solution to lea (∂2 , γ, ϵ ) can be mapped to a solution to
lea (A, b, ϵDA ) in time O(nnz(A)).
▶ Theorem 3.4. Given an instance lea (A, b, ϵDA ) where A ∈ DA, we can reduce it to
an instance lea (W 1/2 ∂2 , W 1/2 γ, ϵB2 ) where ∂2 ∈ B2 and W is a diagonal matrix with
nonnegative diagonals, in time O(nnz(A)). Let s, ϵ, K, U denote nnz(A), ϵDA , κ(A), U (A, b),
respectively. Then, we can guarantee that

nnz(∂2 ) = O(s), U (W 1/2 ∂2 , W 1/2 γ) = O sU ϵ−1 ,


ϵB2 = Ω(ϵU −1 s−1 ), κ(W 1/2 ∂2 ) = O s15/2 K 2 ϵ−2
and a solution to lea (W 1/2 ∂2 , W 1/2 γ, ϵB2 ) can be mapped to a solution to lea (A, b, ϵDA )
in time O(nnz(A)).
We refer the reader to the full version of the paper [14] for a formal proof of Theorem
3.2, 3.3, and 3.4.

3.1

Overview of Our Proof

Multiplying a 2-complex boundary operator ∂2 ∈ Rm×t to a vector f ∈ Rt can be interpreted
as transforming flows in the triangle space to demands in the edge space. Given γ ∈ Rm ,
solving le (∂2 , γ) can be interpreted as finding flows f in the triangle space subject to edge
demands γ. We will encode difference-average linear equations as a 2-complex flow network.
Encoding Linear Operations. In difference-average linear equations, linear operations
include subtraction, addition, and multiplication. We observe a simple fact: If we glue two
triangles ∆1 , ∆2 with the same orientation, then the net flow ∂2 f on the shared edge is
f (∆1 ) − f (∆2 ) (see Figure 2 (a)); if we glue two triangles ∆1 , ∆2 with opposite orientations,
then the net flow ∂2 f on the shared edge is f (∆1 ) + f (∆2 ) (see Figure 2 (b)). Given
an equation a ⊤ x = b with the nonzero coefficients being ±1, we can encode it by gluing
more triangles as above and setting the demand of the shared edge to be b. To handle the
coefficient −2 in an average equation, say x(i) + x(j) − 2x(k), we implicitly interpret it as
x(i) + x(j) − x(k1 ) − x(k2 ) together with an additional difference equation x(k1 ) = x(k2 )
(see Figure 2 (c)).
Encoding a Variable. We use a sphere to encode a variable involved in many equations.
We can obtain an oriented triangulation of the sphere and set all the edge demand to be 0 so
that all the triangles on the sphere must have an equal flow value (see Figure 2 (d)).
Putting It All Together. We represent each variable using a triangulated sphere. To add a
constraint between variables, in each corresponding sphere we add a “hole” if the variable
coefficient is ±1 and add two “holes” if the coefficient is 2. Then we attach a “tube” to each
of these holes. Similarly, we can obtain an oriented triangulation of each tube and set the
edge demand properly so that all the triangles on the tube must have the same flow value
to the triangles on the sphere that the tube is attached to. We then connect these tubes
corresponding to different variables so that they share common edges. Depending on how the
tubes connect and on the net flow demand on the shared edges, we can represent different
linear constraints on the variables.
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(a)

(b)

(c)

(d)

Figure 2 An illustration for encoding linear operations and variables: (a) encodes the “subtraction”
with two identically oriented triangles. (b) encodes the “addition” with two oppositely oriented
triangles. (c) encodes the “multiplication” by a coefficient 2 in an average equation. (d) encodes a
variable with an identically oriented triangulated sphere, and this will later allow us to use several
“copies” of this variable, by making holes in this sphere and attaching a tube to each such hole.

Discussion.
1. Why encode difference/average equations rather than directly encoding general equations
with integer coefficients?
We can generalize the above encoding method to encode a general equation g ⊤ y = c with
arbitrary integer coefficients into a 2-complex with roughly ∥g∥1 tubes. However, the
encoding size required to express a general system of linear equations Gy = c this way
can be as large as Ω(nnz(G) ∥G∥max ). This dependence on ∥G∥max is prohibitive, and
makes for a fairly weak result.
On the other hand, we can first reduce the general linear equations Gy = c into
difference-average linear equations Ax = b, where ∥A∥max = 2 and nnz(A) =
O (nnz(G) log ∥G∥max ) (by Lemma A.1 in [14]). Then we can encode Ax = b into
a 2-complex. The encoding size required to express the the difference-average linear equations as a 2-complex is thus O(nnz(A)) (by Lemma 4.2). Thus, the overall encoding size
e (nnz(G)), exponentially
required to express the original linear equation Gy = c is now O
improving the dependence on ∥G∥max .
Therefore, the two-step reduction is a nearly-linear time reduction while the one-step
reduction is not.
2. Why encode into a 2-complex rather than a 1-complex?
We do not expect that general linear equations with integer coefficients can be efficiently
encoded using a 1-complex. This would immediately imply a nearly-linear time solver for
general linear equations, as fast solvers for 1-complex operators exist (using Laplacian
linear equation solvers).

4

Reducing Exact Solvers for DA to B2 Assuming the Right-Hand
Side Vector in the Image of the Coefficient Matrix

In this section, we describe a nearly-linear time reduction from instances le (A, b) over DA
to instances le over B2 , under the assumption that b ∈ im(A), and analyze its runtime
and the size of the reduced problem. In the full version of the paper [14], we show that the
same reduction with a carefully chosen error parameter reduces linear equation approximate
problem lea over DA to lea over B2 , assuming b ∈ im(A). In addition, we slightly modify
the reduction algorithm to drop the assumption b ∈ im(A) for lea.
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Reduction Algorithm

Recall that an instance le (A, b) over DA only consists of two types of linear equations:
(1) Difference equation: x(i) − x(j) = b(q); (2) Average equation: x(i) + x(j) − 2x(k) = 0.
Suppose le (A, b) has d1 difference equations and d2 average equations. Without loss of
generality, we reorder all the equations so that the first d1 equations are difference equations
and the rest are average equations. The following algorithm ReduceDAToB2 constructs a
2-complex and a system of linear equations in its boundary operator.
Algorithm ReduceDAToB2 .
Input: an instance le (A, b) where A ∈ DA is a d × n matrix and b ∈ Rd .
Output: (∂2 , γ, ∆c ) where ∂2 ∈ B2 is an m × t matrix, γ ∈ Rm , and ∆c is a set of n
triangles.
1. For each i ∈ [n] and variable x(i) in le (A, b), we construct a sphere Si .
2. For each q ∈ [d1 ], which corresponds to a difference equation x(i) − x(j) = b(q), we add
a loop4 αq with a net flow demand b(q). Then,
a. we add a boundary component 5 βq,i on Si , and a boundary component βq,j on Sj ;
b. we construct a tube Tq,i with boundary components {−βq,i , αq }, and a tube Tq,j with
boundary components {−βq,j , −αq }.
See Figure 3 for an illustration6 .
∂Si 3 βq,i

∂Sj 3 βq,j

βq,i

βq,j

αq
∂Tq,i = −βq,i + αq

∂Tq,j = −βq,j − αq

Figure 3 The construction for a difference equation x(i) − x(j) = b(q). For a topological space
X, we use ∂X to denote its boundary.

3. For each q ∈ {d1 +1, . . . , d}, which corresponds to an average equation x(i)+x(j)−2x(k) =
b(q) = 0, we add a loop αq with zero net flow demand. Then,
a. we add a boundary component βq,i on Si , a boundary component βq,j on Sj , and two
boundary components βq,k,1 , βq,k,2 on Sk ;
b. we construct a tube Tq,i with boundary components {−βq,i , αq }, a tube Tq,j with boundary components {−βq,j , αq }, and two tubes Tq,k,1 , Tq,k,2 with boundary components
{−βq,k,1 , −αq } and {−βq,k,2 , −αq }, respectively.
See Figure 4 for an illustration7 .

4
5

6
7

In topology, a loop in a topological space X is a path whose initial point is equal to its terminal point.
In topology, a boundary of a topological space X is a set of points that can be approached from both X
and the outside of X. A boundary component is a connected component of the boundary. Here, sphere
Si does not have a boundary, but we can hollow a “hole” by adding a boundary component.
Note that since the loop αq has demand b(q), our construction is different from identifying the boundary
component αq of Tq,i and the boundary component −αq of Tq,j .
As four tubes are connected to a single loop, to avoid the intersection of tubes before attaching the
loop, a higher-dimensional space is required.
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∂Si 3 βq,i

∂Sj 3 βq,j

βq,i

βq,j

αq
∂Tq,j = −βq,j + αq

∂Tq,i = −βq,i + αq

∂Tq,k,2 = −βq,k,2 − αq

∂Tq,k,1 = −βq,k,1 − αq

βq,k,1

βq,k,2

∂Sk 3 {βq,k,1 , βq,k,2 }

Figure 4 The construction for an average equation x(i) + x(j) − 2x(k) = 0.

4. For each i ∈ [n], the punctured sphere Si and the tubes connected to Si form a continuous
topological space. We construct an oriented triangulation for this space such that the
induced orientation of each edge on a loop αq is consistent with the orientation of αq .
We will describe this oriented triangulation subroutine in Section 4.1.1. Let K be the
oriented 2-complex. Let ∂2 be the boundary operator of K.
5. Each edge on a loop αq has net demand b(q); each other edge has net demand 0. Let γ
be the vector of the net flow demands.
6. On each triangulated sphere Si , we choose an arbitrary triangle ∆i ∈ Si as the central
triangle. Let ∆c be the set of all the central triangles.
7. We return (∂2 , γ, ∆c ).
The following algorithm MapSolnB2 toDA maps a solution f to le (∂2 , γ) to a solution
x to le (A, b).
Algorithm MapSolnB2 toDA .
Input: a tuple (A, b, f , ∆c ), where A ∈ DA is a d × n matrix, b ∈ Rd , f ∈ Rt , and ∆c is
the set of n central triangles.
Output: a vector x ∈ Rn .
1. If A⊤ b = 0, we return x = 0.
2. Otherwise, we set x(i) = f (∆i ), where ∆i ∈ ∆c is the central triangle on sphere Si .

4.1.1

Oriented Triangulation for Punctured Spheres and Tubes

We provide a concrete triangulation subroutine for the benefit of algorithm analysis.

Oriented Triangulation for Punctured Spheres
Pd
By our construction, each sphere Si has bi = q=1 |A(q, i)| boundary components. We will
create t̃i triangles and m̃i edges on Si , based on bi .
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1. If bi = 1 (see Figure 5 (a)), the punctured sphere is topologically equivalent to a disk. In
1
2
3
this case, Si can be triangulated using a single triangle [v(1)
, v(1)
, v(1)
], thus t̃i = 1, m̃i = 3.
2. If bi = 2 (see Figure 5 (b)), the punctured sphere is topologically equivalent to
1
2
3
an annulus. We subdivide the triangle [v(1)
, v(1)
, v(1)
] obtained in the previous case
by adding 6 interior edges between vertices of the inner and the outer boundaries:
1
1
1
2
2
1
2
3
3
2
3
3
[v(1)
, v(2)
], [v(1)
, v(2)
], [v(1)
, v(2)
], [v(1)
, v(2)
], [v(1)
, v(2)
], [v(1)
, v(2)
], thus t̃i = 6, m̃i = 12.
1
2
1
, v(1)
, v(k−1)
]
3. Generally, if bi = k (see Figure 5 (c)), we subdivide the rightmost triangle [v(1)
obtained in the case of bi = k − 1 with the same method. By induction, we have

t̃i = 5bi − 4,

m̃i = 9bi − 6,

for bi ≥ 1.

(3)

1
v(1)

1
v(1)

1
v(1)

1
v(2)

v1
(k)

v2
(k)

2
v(2)

3
v(1)

2
v(1)

3
v(1)

(a) bi = 1

v3
(k)

1
v(k−1)

3
v(2)

2
v(1)

2
v(1)

(b) bi = 2

(c) bi = k

Figure 5 Oriented triangulation of punctured spheres. The light area represents the “holes”
defined by boundary components.

The orientation for triangles on the same sphere should be identical. Without loss of
generality, we orient all triangles clockwise. Note that with this triangulation method, all
boundary components are composed of 3 edges.

Oriented Triangulation for Tubes
A tube is defined by two boundary components. By our construction, for every tube connected
to Si , one of the two boundary components is always −βq,i,∗ 8 , and the other one is ±αq ,
whose orientation depends on the sign of the entry A(q, i). Without loss of generality,
we orient anti-clockwise for all αq , thus clockwise for all −αq . Therefore, there are two
possibilities of boundary component combinations.
1. If A(q, i) > 0 (see Figure 6 (a)), then the two boundary components have opposite
1
3
2
orientations: −βq,i,∗ = [vq,i,∗
, vq,i,∗
, vq,i,∗
] and αq = [vq1 , vq2 , vq3 ]. We triangulate by
1
1
2
2
3
matching vq,i,∗ to vq , vq,i,∗ to vq , and vq,i,∗ to vq3 .
2. If A(q, i) < 0 (see Figure 6 (b)), then the two boundary components have identical
1
3
2
orientations: −βq,i,∗ = [vq,i,∗
, vq,i,∗
, vq,i,∗
] and −αq = [vq1 , vq3 , vq2 ]. We triangulate by
1
3
2
matching vq,i,∗
to vq1 , vq,i,∗
to vq2 , and vq,i,∗
to vq3 .
In either case, only 6 triangles and 12 edges are required for an oriented triangulation of
any tube Tq,i,∗ . Again, we orient all triangles clockwise.

8

We introduce a third element ∗ ∈ {1, 2} in the subscript of βq,k,∗ , which is activated only when
A(q, k) = −2.
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1
vq,i,∗

1
vq,i,∗

3
vq,i,∗

2
vq,i,∗

1
vq,i,∗

1
vq,i,∗

1
vq,i,∗

3
vq,i,∗

2
vq,i,∗

1
vq,i,∗

vq1

vq2

vq3

vq1

−βq,i

−βq,i
2
vq,i,∗

2
vq,i,∗

3
vq,i,∗

vq1

3
vq,i,∗

vq1

αq

−αq

vq2

vq3

(a)

vq1

vq3

vq2

vq1

vq2

A(q, i) > 0

vq3

(b) A(q, i) < 0

Figure 6 Oriented triangulation of tubes with opposite or identical boundary orientations.

4.2

Algorithm Runtime and Problem Size

In this section, we show that the reduction algorithm ReduceDAToB2 and the solution
mapping algorithm MapSolnB2 toDA both run in linear time, and ReduceDAToB2
constructs a 2-complex whose size is linear in the number of nonzeros in the input linear
equations.
▶ Lemma 4.1 (Runtime). Given a difference-average instance le (A, b) where A ∈ Rd×n ,
Algorithm ReduceDAToB2 (A, b) returns (∂2 , γ, ∆c ) in time O(nnz(A)). Given a solution
f to le (∂2 , γ), Algorithm MapSolnB2 toDA(A, b, f , ∆c ) returns x in time O(n).
Proof. For reduction, ReduceDAToB2 (A, b) calls the tube triangulation subroutine for
∥A∥1 times, and the punctured sphere triangulation subroutine for n times. The tube
triangulation subroutine runs in time O(1) since the there are a constant number of triangles
in a tube; and the punctured sphere triangulation subroutine runs in time O(∥A(:, j)∥1 ) for
the jth call, j ∈ [n]. Putting all together, the total runtime of ReduceDAToB2 (A, b) is
P
O ∥A∥1 + j∈[n] ∥A(:, j)∥1 ≤ O(nnz(A)), where we use the fact ∥A∥max = 2.
For solution mapping, the runtime of the algorithm MapSolnB2 toDA is obvious. ◀
▶ Lemma 4.2 (Size of ∂2 ). Given a difference-average instance le (A, b), let (∂2 , γ, ∆c ) be
returned by ReduceDAToB2 (A, b). Suppose ∂2 ∈ Rm×t . Then,
1. t ≤ 22 nnz(A);
2. m ≤ 33 nnz(A);
3. nnz(∂2 ) ≤ 66 nnz(A).
Proof. We first compute the total number of triangles in the constructed 2-complex K. For
P
sphere Sj , we have t̃j = 5bj − 4 triangles by (3), where bj = i∈[d] |A(i, j)|. Therefore, the
number of triangles of all spheres is
n
X
j=1

t̃j =

n
X
j=1

(5

X

|A(i, j)| − 4) = 5 ∥A∥1 − 4n.

i∈[d]

Moreover, each boundary component on spheres corresponds to a tube, and each tube has 6
triangles. Hence, the number of triangles of all tubes is 6 ∥A∥1 . Putting spheres and tubes
together, we get
t = 11 ∥A∥1 − 4n ≤ 22 nnz(A),
where the last inequality is because entries of A are bounded by 2.
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Next, we compute the total number of edges in K. By construction, each triangle has
3 incident edges and each edge is shared by a constant number of triangles (2 for interior
edges, and 4 for boundary edges). Thus, we have
m ≤ 1.5t ≤ 33 nnz(A).
Since each column of ∂2 has exactly 3 nonzero entries, we have
nnz(∂2 ) = 3t ≤ 66 nnz(A).

◀
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