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Abstract
Cohomological ideas have recently been injected into persistent homology and have for example
been used for accelerating the calculation of persistence diagrams by the software Ripser.
The cup product operation which is available at cohomology level gives rise to a graded ring
structure that extends the usual vector space structure and is therefore able to extract and encode
additional rich information. The maximum number of cocycles having non-zero cup product yields
an invariant, the cup-length, which is useful for discriminating spaces.
In this paper, we lift the cup-length into the persistent cup-length function for the purpose of
capturing ring-theoretic information about the evolution of the cohomology (ring) structure across
a filtration. We show that the persistent cup-length function can be computed from a family of
representative cocycles and devise a polynomial time algorithm for its computation. We furthermore
show that this invariant is stable under suitable interleaving-type distances.
2012 ACM Subject Classification Mathematics of computing → Algebraic topology; Theory of
computation → Computational geometry; Mathematics of computing → Topology
Keywords and phrases cohomology, cup product, persistence, cup length, Gromov-Hausdorff distance
Digital Object Identifier 10.4230/LIPIcs.SoCG.2022.31
Related Version Full Version: https://arxiv.org/abs/2107.01553 [11]
Funding Marco Contessoto: MC was supported by FAPESP through grants 2016/24707-4, 2017/
25675-1 and 2019/22023-9.
Facundo Mémoli: FM was partially supported by the NSF through grants RI-1901360, CCF-1740761,
and CCF-1526513, and DMS-1723003.
Anastasios Stefanou: AS was supported by NSF through grants CCF-1740761, DMS-1440386,
RI-1901360, and the Dioscuri program initiated by the Max Planck Society, jointly managed with
the National Science Centre (Poland), and mutually funded by the Polish Ministry of Science and
Higher Education and the German Federal Ministry of Education and Research.
Ling Zhou: LZ was partially supported by the NSF through grants RI-1901360, CCF-1740761, and
CCF-1526513, and DMS-1723003.

1

Introduction

Persistent Homology [20, 21, 33, 40, 10, 18, 8, 9], one of the main techniques in Topological
Data Analysis (TDA), studies the evolution of homology classes across a filtration. This
produces a collection of birth-death pairs which is called the barcode or persistence diagram
of the filtration.
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In the case of cohomology, which is dual to that of homology, one studies linear maps
from the vector space of simplicial chains into the field K, known as cochains. Cochains are
naturally endowed with a product operation, called the cup product, which induces a bilinear
operation on cohomology and is denoted by ⌣: Hp (X) × Hq (X) → Hp+q (X) for a space X
and dimensions p, q ≥ 0. With the cup product operation, the collection of cohomology vector
spaces can be given the structure of a graded ring, called the cohomology ring; see [31, § 48
and § 68] and [23, Ch. 3, §3.D]. This makes cohomology a richer structure than homology.
Persistent cohomology has been studied in [15, 16, 17, 5, 27], without exploiting the ring
structure induced by the cup product. Works which do attempt to exploit this ring structure
include [22, 26] in the static case and [25, 39, 3, 29, 24, 6, 12] at the persistent level.
In this paper, we continue this line of work and tackle the question of quantifying the
evolution of the cup product structure across a filtration through introducing a polynomialtime computable invariant which is induced from the cup-length: the maximal number of
cocycles (in dimensions 1 and above) having non-zero cup product. We call this invariant
the persistent cup-length function, and identify a tool - the persistent cup-length diagram
(associated to a family of representative cocycles σ of the barcode) to compute it. (see Fig. 1).
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Figure 1 A filtration X of the pinched Klein bottle, its persistent cup-length function cup(X)
(see Ex.12) and its persistent cup-length diagram dgm⌣
σ (X) (see Ex. 17).

Some invariants related to the cup product. In standard topology, an invariant is a
quantity associated to a given topological space which remains invariant under a certain class
of maps. This invariance helps in discovering, studying and classifying properties of spaces.
Beyond Betti numbers, examples of classical invariants are: the Lusternik-Schnirelmann
category (LS-category) of a space X, defined as the minimal integer k ≥ 1 such that there is
an open cover {Ui }ki=1 of X such that each inclusion map Ui ,→ X is null-homotopic, and
the cup-length invariant, which is the maximum number of positive-dimensional cocycles
having non-zero cup product. While being relatively more informative, the LS-category is
difficult to compute [13], and with rational coefficients this computation is known to be
NP-hard [2]. The cup-length invariant, as a lower bound of the LS-category [34, 35], serves
as a computable estimate for the LS-category. Another well known invariant which can be
estimated through the cup-length is the so-called topological complexity [38, 19, 36].
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Our contributions
Let Top denotes the category of (compactly generated weak Hausdorff) topological spaces.1
Throughout the paper, by a (topological) space we refer to an object in Top, and by a
persistent space we mean a functor from the poset category (R, ≤) to Top. A filtration (of
spaces) is an example of a persistent space where the transition maps are given by inclusions.
This paper considers only persistent spaces with a discrete set of critical values. In addition,
all (co)homology groups are assumed to be taken over a field K. We denote by Intω the set
of intervals of type ω, where ω can be any one of the four types: open-open, open-closed,
closed-open and closed-closed. The type ω will be omitted when the results apply to all four
situations and intervals are written in the form of ⟨a, b⟩.
We introduce the invariant, the persistent cup-length function of general persistent
spaces, by lifting the standard cup-length invariant into the persistent setting. Let X :
(R, ≤) → Top be a persistent space with t 7→ Xt . The persistent cup-length function
cup(X) : Int → N of X, see Defn. 7, is defined as the function from the set Int to the set N
of non-negative integers,
which assigns to each interval ⟨a, b⟩ the cup-length of the image ring2

∗
Im H (X)⟨a, b⟩ , which is the ring Im H∗ (Xb ) → H∗ (Xa ) when ⟨a, b⟩ is a closed interval
(in other cases, there is some subtlety, see Rmk. 8). Note that the persistent cup-length
function is a generalization of the cup-length of spaces, since cup(X)([a, a]) reduces to the
cup-length of the space Xa .
In the case when X is a filtration, we define a notion of a diagram to compute the persistent
cup-length function (see Thm. 1): the persistent cup-length diagram dgm⌣
σ (X) : Int →
N (Defn. 16). We first assign a representative cocycle to every interval in the barcode of
X, and denote the family of representative cocycles by σ. Then, the persistent cup-length
diagram of an interval ⟨a, b⟩ is defined to be the maximum number of representative cocycles
in X that have a nonzero cup product over ⟨a, b⟩. It is worth noticing that the persistent
cup-length diagram depends on the choice of representative cocycles; see Ex. 18.
▶ Theorem 1. Let X be a filtration, and let σ be a family of representative cocycles for the
barcodes of X. The persistent cup-length function cup(X) can be retrieved from the persistent
cup-length diagram dgm⌣
σ (X): for any ⟨a, b⟩ ∈ Int,
cup(X)(⟨a, b⟩) =

max

⟨c,d⟩⊇⟨a,b⟩

dgm⌣
σ (X)(⟨c, d⟩).

(1)

The persistent cup-length functions do not supersede the standard persistence diagrams,
partly because they do not take H0 classes into account. However, it effectively augments the
standard diagram in the sense that there are situations in which it can successfully capture
information that standard persistence diagrams neglect (see Fig. 5). Our work therefore
provides additional computable persistence-like invariants enriching the TDA toolset which
can be used in applications requiring discriminating between different hypotheses such as in
shape classification or machine learning. For example, [27] mentions that cup product could
provide additional evidence when recovering the structure of animal trajectories.
A polynomial time algorithm. We develop a poly-time algorithm (Alg. 3) to compute
the persistent cup-length diagram of a filtration X of a simplicial complex X of dimension
(k + 1). This algorithm is output sensitive, and it has complexity bounded above by

1
2

We are following the convention from [7].
For f : R → S a graded ring morphism, we denote the graded ring f (R) by Im(f ).
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O((mk )2 · q1 · qk−1 · max{ck , q1 }) ≤ O((mk )k+3 ) (cf. Thm. 20), with mk being the cardinality
of X, q1 being the cardinality of the barcode, and parameters qk−1 (≤ q1k−1 ) and ck (≤ mk )
which we describe in §3.2 on page 13. In the case of the Vietoris-Rips filtration of an n-point
metric space, this complexity is improved to O((mk )2 · q12 · qk−1 ), which can be upper bounded
2
by O(nk +5k+6 ).
Gromov-Hausdorff stability and discriminating power. In Thm. 2 we prove that the
persistent cup-length function is stable to perturbations of the involved filtrations (in a
suitable sense involving weak homotopy equivalences). Below, dE , dHI and dGH denote the
erosion, homotopy-interleaving and Gromov-Hausdorff distances, respectively. See [11, §D]
for details.
In general, the Gromov-Hausdorff distance is NP-hard to compute [37] whereas the erosion
distance is computable in polynomial time (see [28, Thm. 5.4]) and thus, in combination
with Thm. 2, provides a computable estimate for the Gromov-Hausdorff distance.
▶ Theorem 2 (Homotopical stability). For two persistent spaces X, Y : (R, ≤) → Top,
dE (cup(X), cup(Y)) ≤ dHI (X, Y).

(2)

For the Vietoris-Rips filtrations VR(X) and VR(Y ) of compact metric spaces X and Y ,
dE (cup (VR(X)) , cup (VR(Y ))) ≤ 2 · dGH (X, Y ).

(3)

Through several examples, we show that the persistent cup-length function helps in
discriminating filtrations when the persistent homology fails to or has a relatively weak
performance in doing so. Ex. 13 is a situation when two filtrations have identical persistent
homology but induce different persistent cup-length functions. In addition, in [11, Ex. 54] by
specifying suitable metrics on the torus T2 and on the wedge sum S1 ∨ S2 ∨ S1 , we compute
the erosion distance between their persistent cup-length functions (see Fig. 2) and apply
Thm. 2 to obtain a lower bound π3 for the Gromov-Hausdorff distance between them T2 and
S1 ∨ S2 ∨ S1 (see [11, Prop. 55]):


π
= dE cup(VR(T2 )), cup(VR(S1 ∨ S2 ∨ S1 )) ≤ 2 · dGH T2 , S1 ∨ S2 ∨ S1 .
3
We also verify that the interleaving distance between the persistent homology of these two
spaces is at most 35 of the bound obtained from persistent cup-length functions (a fact which
we also establish). See [11, Rmk. 56].
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Figure 2 The persistent cup-length functions cup(VR(T2 )) (left) and cup(VR(S1 ∨S2 ∨S1 ))|(0,ζ)
(right), respectively. Here, ζ = arccos(− 31 ) ≈ 0.61π.

Proofs of all the theorems and results mentioned above are available in the appendix of
the full version [11].
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In the standard setting of persistent homology, one considers a filtration of spaces, i.e. a
collection of spaces X = {Xt }t∈R such that Xt ⊂ Xs for all t ≤ s, and studies the p-th
persistent homology for any given dimension p, defined as the functor Hp (X) : (R, ≤) → Vec
which sends each t to the p-th homology Hp (Xt ) of Xt , see [18, 8]. Here Vec denotes the
category of vector spaces. The p-th persistent homology encodes the lifespans, represented by
intervals, of the p-dimensional holes (p-cycles that are not p-boundaries) in X. The collection
Bp (X) of these intervals is called the p-th barcode of X, and its elements are named bars. The
p-th persistent cohomology Hp (X) and its corresponding barcode are defined dually. Since
persistent homology and persistent cohomology have the same barcode [15], we will denote
both barcodes by Bp (X) for dimension p. We call the disjoint union B(X) := ⊔p∈N Bp (X) the
total barcode of X, and assume bars in B(X) are of the same interval type3 .
By considering the cup product operation on cocycles, the persistent cohomology is
naturally enriched with the structure of a persistent graded ring, which carries additional
information and leads to invariants stronger than standard barcodes in cases like Ex. 13.
In §2.1 we recall the cup product operation, as well as the notion and properties of
the cup-length invariant of cohomology rings. In §2.2 we lift the cup-length invariant to a
persistent invariant, called the persistent cup-length function, and examine some examples
that highlight its strength. Proofs and details are available in [11, §B].

2.1

Cohomology rings and the cup-length invariant

For a topological space X and a dimension p ∈ N, denote by Cp (X) and C p (X) the spaces of
singular p-chains and p-cochains, respectively. For a cocycle σ, denote by [σ] the cohomology
class of σ. If X is given by the geometric realization of some simplicial complex, then we
consider its simplicial cohomology, by assuming an ordering on the vertex set of X and
considering its simplices to be sets of ordered vertices.
Let X := {Xt }t∈R be a filtration of topological spaces, and let I = ⟨b, d⟩ ∈ Bp (X). If I
is closed at its right end d, we denote by σI a cocycle in C p (Xd ); if not, we denote by σI
a cocycle in C p (Xd−δ ) for sufficiently small δ > 0. For any t ≤ d, denote by σI |Cp (Xt ) the
restriction
ofσI to Cp (Xt )(⊂ Cp (Xd )). We introduce the notation [σI ]t by defining [σI ]t to

be σI |Cp (Xt ) for t ≤ d and 0 for t > d.
▶ Definition 3 (Representative cocycles). Let σ p := {σI }I∈Bp (X) be a Bp (X)-indexed collection
of p-cocycles in X. The collection σ p is called a family of representative p-cocycles for Hp (X),
if for any t ∈ R, the set {[σI ]t }t∈I∈Bp (X) forms a linear basis for Hp (Xt ). In this case, each σI
is called a representative cocycle associated to the interval I. The disjoint union σ := ⊔p∈N σ p
is called a family of representative cocycles for H∗ (X).
The existence of a family of representative cocycles for H∗ (X) (assuming that the filtration
X has finite critical values and finite-dimensional cohomology point-wise) is guaranteed by
the interval decomposition theorem of point-wise finite dimensional persistence modules
(see [14]) and the axiom of choice. Software programs are available to compute the total
barcode and return a family of representative cocycles, such as Ripser (see [5]), Java-Plex
(see [1]), Dionysus (see [16]), and Gudhi (see [30]). These cocycles are naturally equipped
with the cup product operation, which we recall as follows.

3

In TDA it is often the case that bars are of a fixed interval type, usually in closed-open form [32].
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Cup product. We recall the cup product operation in the setting of simplicial cohomology.
Let X be a simplicial complex with an ordered vertex set {x1 < · · · < xn }. For any nonnegative integer p, we denote a p-simplex by α := [α0 , . . . , αp ] where α0 < · · · < αp are
ordered vertices in X, and by α∗ : Cp (X) → K the dual of α, where α∗ (α) = 1 and α∗ (τ ) = 0
for any p-simplex τ ̸= α. Here K is the base field as before, and α∗ is also called a p-cosimplex.
Let β := [β0 , . . . , βq ] be a q-simplex for some integer q ≥ 0. The cup product α∗ ⌣ β ∗ is
defined as the linear map Cp+q (X) → K such that for any (p + q)-simplex τ = [τ0 , . . . , τp+q ],
α∗ ⌣ β ∗ (τ ) := α∗ ([τ0 , . . . , τp ]) · β ∗ ([τp , . . . , τp+q ]).
Equivalently, we have that α∗ ⌣ β ∗ is [α0 , . . . , αp , β1 , . . . , βq ]∗ if αp = β0 , and 0 otherwise.
Ph
By a p-cochain we mean a finite linear sum σ = j=1 λj αj∗ , where each αj is a p-simplex
Ph
j∗
in X and λj ∈ K. The cup product of a p-cochain σ =
and a q-cochain
j=1λj α

′
P
P
′
′
h
′
j
∗
′
j∗
j
∗
σ = j ′ =1 µj ′ β is defined as σ ⌣ σ := j,j ′ λj µj ′ α ⌣ β
.
In our algorithms, K is taken to be Z2 and every p-simplex α = [xi0 , . . . , xip ] is represented
by the ordered list [i0 , . . . , ip ]. We assume a total order (e.g. the order given in [5]) on the
Ph
simplices in X. Since coefficients are either 0 or 1, a p-cochain can be written as σ = j=1 αj∗
for some αj = [xij , . . . , xijp ] and will be represented by the list [i10 , . . . , i1p ], . . . , [ih0 , . . . , ihp ] .
0
We call h the size of σ. Let Xp ⊂ X be the set of p-simplices. Alg. 1 computes the cup
product of two cochains over Z2 .
Algorithm 1 CupProduct(σ1 , σ2 , X).

Input : Two cochains σ1 and σ2 , and the simplicial complex X.
Output : The cup product σ = σ1 ⌣ σ2 , at cochain level.

8

σ ← [ ];
if dim(σ1 ) + dim(σ2 ) ≤ dim(X) then
for i ≤ size(σ1 ) and j ≤ size(σ2 ) do
a ← σ1 (i) and b ← σ2 (j);
if a[end] == b[first] then
c ← a.append(b[second : end]);
if c ∈ Xdim(σ1 )+dim(σ2 ) then
Append c to σ;

9

return σ.

1
2
3
4
5
6
7

▶ Remark 4 (Complexity of Alg. 1). Let c be the complexity of checking whether a simplex is in
the simplicial complex, and let m := card(X) be the number of simplices. For Z2 -coefficients,
cocycles are in one-to-one correspondence with the subsets of X, so the size of a cocycle is at
most m. Thus, the complexity for Alg. 1 is O(size(σ1 ) · size(σ2 ) · c) ≤ O(m2 · c).
Cohomology ring and cup-length. For a given space X, the cup product yields a bilinear
map ⌣: Hp (X) × Hq (X) → Hp+q (X) of vector spaces. In particular, it turns the total
L
cohomology vector space H∗ (X) := p∈N Hp (X) into a graded ring (H∗ (X), +, ⌣) (see [11,
§B] for the explicit definition of a graded ring). The cohomology ring map X 7→ H∗ (X) defines
a contravariant functor from the category of spaces, Top, to the category of graded rings,
GRing (see [23, §3.2]). To avoid the difficulty of describing and comparing ring structures
in a computer, we study a computable invariant of the graded cohomology ring, called the
cup-length. See [11, §A.2] for the general notion of invariants. For a category C, denote by
Ob(C) the set of objects in C.
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L
▶ Definition 5 (Length and cup-length). The length of a graded ring R = p∈N Rp is the
largest non-negative integer ℓ such that there exist positive-dimension homogeneous elements
S
S
η1 , . . . , ηℓ ∈ R (i.e. η1 , . . . , ηℓ ∈ p≥1 Rp ) with η1 • · · · • ηℓ ̸= 0. If p≥1 Rp = ∅, then we
define the length of R to be zero. We denote the length of a graded ring R by len(R), and
call the following map the length invariant:
len : Ob(GRing) → N, with R 7→ len(R).
When R = (H∗ (X), +, ⌣) for some space X, we denote cup(X) := len(H∗ (X)) and call
it the cup-length of X And we call the following map the cup-length invariant:
cup : Ob(Top) → N, with X 7→ cup(X).
▶ Remark 6 (About the strength of the cup-length invariant). In some cases, cup-length captures
more information than homology. One well-known example is given by the torus T2 v.s. the
wedge sum S1 ∨ S2 ∨ S1 , where despite having the same homology groups, these two spaces
have different cup-length. By specifying suitable metrics and considering the Vietoris-Rips
filtrations of the two spaces, the strength of cup-length persists in the setting of persistence
(see [11, Ex. 54]). It is also worth noticing that cup-length is not a complete invariant for
graded cohomology rings. For instance, after taking the wedge sum of T2 and S1 ∨ S2 ∨ S1
with T2 respectively, the resulted spaces T2 ∨ T2 and S1 ∨ S2 ∨ S1 ∨ T2 still have different
ring structures, but they have the same cup-length (since cup length takes the “maximum”).
An important fact about the cup-length is that it can be computed using a linear basis
for the cohomology vector space. In [11, Prop. 36] we show that
 if Bp is a linear basis for
S
Hp (X) for each p ≥ 1 and B := p≥1 Bp , then cup(X) = sup ℓ ≥ 1 | B ⌣ℓ ̸= {0} .

2.2

Persistent cohomology rings and persistent cup-length functions

We study the persistent cohomology ring of a filtration and the associated notion of persistent
cup-length invariant. We examine several examples of this persistent invariant and establish
a way to visualize it in the half-plane above the diagonal. See [11, §B.2] for the proofs of our
results in this section.
Filtrations of spaces are special cases of persistent spaces. In general, for any category
C, one can define the notion of a persistent object in C, as a functor from the poset (R, ≤)
(viewed as a category) to the category C. For instance, a functor R : (R, ≤) → GRing
is called a persistent graded ring. Recall the contravariant cohomology ring functor
H∗ : Top → GRing. Given a persistent space X : (R, ≤) → Top, the composition
H∗ (X) : (R, ≤) → GRing is called the persistent cohomology ring of X. Due to the
contravariance of H∗ , we consider only contravariant persistent graded rings in this paper.
▶ Definition 7. We define the persistent cup-length function of a persistent space X as
the function cup(X) : Int → N given by ⟨t, s⟩ 7→ len (Im(H∗ (X)(⟨t, s⟩)) .
▶ Remark 8 (Notation for image ring). Im(H∗ (X)(⟨t, s⟩) is defined as the image ring
Im(H∗ (X)([t − δ, s + δ])) = Im(H∗ (Xs+δ ) → H∗ (Xt−δ )) for sufficiently small δ > 0, when
⟨t, s⟩ = (t, s), and is defined similarly for the cases when ⟨t, s⟩ = (t, s] or [t, s).
▶ Remark 9. It follows from [11, Prop. 38] that the cup-length invariant cup is non-increasing
under surjective morphisms and non-decreasing under injective morphisms, which we call an
inj-surj invariant. As a consequence, for any persistent space X, the persistent cup-length
function cup(X) defines a functor from (Int, ≤) to (N, ≥).
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Prop. 10 below allows us to compute the cohomology images of a persistent cohomology
ring from representative cocycles, which will be applied to compute persistent cup-length
functions in Ex. 12 and prove Thm. 1 in the full version of this paper, see [11, page 24].
Prop. 11 allows us to simplify the calculation of persistent cup-length functions in certain
cases, such as the Vietoris-Rips filtration of products or wedge sums of metric spaces.
▶ Proposition 10 (Persistent image ring). Let X = {Xt }t∈R be a filtration, together with
a family of representative cocycles σ = {σI }I∈B(X) for H∗ (X). Let t ≤ s in R. Then
Im(H∗ (Xs ) → H∗ (Xt )) = ⟨[σI ]t : [t, s] ⊂ I ∈ B(X)⟩, generated as a graded ring.
▶ Proposition 11. Let X, Y : (R, ≤) → Top be two persistent spaces. Then:
cup (X × Y) = cup(X) + cup(Y),
cup (X ⨿ Y) = max{cup(X), cup(Y)}, and
cup (X ∨ Y) = max{cup(X), cup(Y)}.
Here ×, ⨿ and ∨ denote point-wise product, disjoint union, and wedge sum, respectively.
Examples and visualization. Each interval ⟨a, b⟩ in Int is visualized as a point (a, b) in the
half-plane above the diagonal (see Fig. 3). To visualize the persistent cup-length function of
a filtration X, we assign to each point (a, b) the integer value cup(X)(⟨a, b⟩), if it is positive.
If cup(X)(⟨a, b⟩) = 0 we do not assign any value. We present an example to demonstrate
how persistent cup-length functions are visualized in the upper-diagonal plane (see Fig. 1).

(a, b)

a

b

Figure 3 The interval ⟨a, b⟩ in Int corresponds to the point (a, b) in R2 .

▶ Example 12 (Visualization of cup(·)). Recall the filtration X = {Xt }t≥0 of a Klein bottle
with a 2-cell attached, defined in Fig. 1. Consider the persistent cohomology H∗ (X) in
Z2 -coefficients. Let v be the 0-cocycle born at t = 0, let α be the 1-cocycle born at t = 1
and died at t = 3, and let β be the 1-cocycle born at time t = 2. Let γ := β ⌣ β, which
is then a non-trivial 2-cocycle born at time t = 2, like β. Then the barcodes of X are:
B0 (X) = {[0, ∞)}, B1 (X) = {[1, 3), [2, ∞)}, and B2 (X) = {[2, ∞)}. See Fig. 4.
Using the formula in Prop. 10, for any t ≤ s, we have


if 2 ≤ t < 3 and s ≥ 3
⟨[v]t , [β]t , [γ]t ⟩,


⟨[v] , [α] , [β] , [γ] ⟩, if 2 ≤ t ≤ s < 3
t
t
t
t
Im(H∗ (Xs ) → H∗ (Xt )) =

⟨[v]t , [α]t ⟩,
if 1 ≤ t < 2 and s < 3




⟨[v]t ⟩,
otherwise.
The persistent cup-length function of X is computed as follows and visualized in Fig. 1.



2, if t ≥ 2
cup(X)([t, s]) = 1, if 1 ≤ t < 2 and s < 3


0, otherwise.
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B(X)
γ
β
α
v
0

t ∈ [0, 1)

t ∈ [1, 2)

t ∈ [2, 3)

1

2

3

4

t≥3

Figure 4 The filtration X given in Fig. 1 and its barcode B(X), see Ex. 12.

We end this section by presenting an example, Ex. 13, where the persistent cup-length
function distinguishes a pair of filtrations which the total barcode is not able to. A similar
example is available in [11, §D.2], where we will also give a quantitative measure via the erosion
distance on the difference between persistent cup-length functions of different filtrations.

▶ Example 13 (cup(·) better than standard barcode). Consider the filtration X = {Xt }t≥0
of a 2-torus T2 and the filtration Y = {Yt }t≥0 of the space S1 ∨ S2 ∨ S1 as shown in Fig. 5.
Knowing that X3 = T2 and Y3 = S1 ∨ S2 ∨ S1 have the same (co)homology vector spaces in all
dimensions, one can directly check that the persistent (co)homology vector spaces associated
to X and Y are the same. However, the cohomology ring structure of X3 is different from
that of Y3 : there are two 1-cocycles in X3 with a non-zero product (indeed the product is
a 2-cocycle), whereas all 1-cocycles in Y3 have zero product. This difference between the
cohomology ring structures of these two filtration is quantified by their persistent cup-length
functions, see Fig. 5. Also, see [11, Ex. 54] for a more geometric example, which considers
the Vietoris-Rips filtrations of T2 and S1 ∨ S2 ∨ S1 .

∞

2

4

1

3

cup(X)

2
1

1

t ∈ [0, 1)

t ∈ [1, 2)

t≥2

2

3

4

∞

∞

4

1

3

cup(Y)

2
1

1

2

3

4

∞

Figure 5 Top: A filtration X of T2 and its persistent cup-length function cup(X). Bottom: A
filtration Y of the wedge sum S1 ∨ S2 ∨ S1 and its persistent cup-length function cup(Y). See Ex. 13.
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3

The persistent cup-length diagram

In this section, we introduce the notion of the persistent cup-length diagram of a filtration, by
using the cup product operation on cocycles. In §3.1, we show how the persistent cup-length
diagram is used to compute the persistent cup-length function (see Thm. 1). In §3.2, we
develop an algorithm (see Alg. 3) to compute the persistent cup-length diagram, and study
its complexity. Proofs, details and extra examples are available in [11, §C].

3.1

Persistent cup-length diagram

We define the persistent cup-length diagram using a family of representative cocycles. In
Thm. 1 we show that the persistent cup-length function can be retrieved from the persistent
cup-length diagram. See [11, §C.1] for the proofs of Thm. 1 and details for this section.
▶ Definition 14 (ℓ-fold ∗σ -product). Let σ be a family of representative cocycles for H∗ (X).
Let ℓ ∈ N∗ and let I1 , . . . , Iℓ be a sequence of elements in B(X) with representative cocycles
σI1 , . . . , σIℓ ∈ σ, respectively. We define the ℓ-fold ∗σ -product of I1 , · · · , Iℓ to be
I1 ∗σ · · · ∗σ Iℓ := {t ∈ R | [σI1 ]t ⌣ · · · ⌣ [σIℓ ]t ̸= [0]t },

(4)

associated with the formal representative cocycle σI1 ⌣ · · · ⌣ σIℓ . We also call the right-hand
side of Eq. (4) the support of σI1 ⌣ · · · ⌣ σIℓ , and denote it by supp(σI1 ⌣ · · · ⌣ σIℓ ).
The support of a product of representative cocycles is always an interval:
▶ Proposition 15 (Support is an interval). With the same assumption and notation in
Defn. 14, let I := supp(σI1 ⌣ · · · ⌣ σIℓ ). If I ̸= ∅, then I is an interval ⟨b, d⟩, where b ≤ d
are such that d is the right end of ∩1≤i≤ℓ Ii and b is the left end of some J ∈ B(X) (J is not
necessarily one of the Ii ).
The ∗σ -product is associative and invariant under permutations. Let B≥1 (X) :=
⊔p≥1 Bp (X). Let B≥1 (X)∗σ ℓ be the set of I1 ∗σ · · · ∗σ Iℓ where each Ii ∈ B≥1 (X). For
the simplicity of notation, we often write B≥1 (X)∗σ ℓ as B(X)∗σ ℓ .
▶ Definition 16 (persistent cup-length diagram). Let X be a filtration and let B≥1 (X) be
its barcode over positive dimensions. Let σ = {σI }I∈B≥1 (X) be a family of representative
cocycles for H≥1 (X). The persistent cup-length diagram of X (associated to σ) is
defined to be the map dgm⌣
σ (X) : Int → N, given by:
∗
dgm⌣
σ (X)(I) := max{ℓ ∈ N | I = I1 ∗σ · · · ∗σ Iℓ , where each Ii ∈ B≥1 (X)},

with the convention that max ∅ = 0.
Recall Thm. 1, which states the relation between the persistent cup-length function cup(X)
and the persistent cup-length diagram dgm⌣
σ (X): for any interval ⟨a, b⟩, the cup(X)(⟨a, b⟩)
attains the maximum value of dgm⌣
(X)(⟨c,
d⟩) over all intervals ⟨c, d⟩ ⊇ ⟨a, b⟩. This is in
σ
the same spirit as in [32] where the rank function can be reconstructed from the persistence
diagram by replacing “max” operation with the sum operation.
▶ Example 17 (Example of dgm⌣
σ (·) and Thm. 1). Recall the filtration X = {Xt }t≥0
of the pinched Klein bottle defined in Fig. 1, and its persistent cup-length function and
the representative cocycles {α, β, γ} =: σ from Ex. 12. Because H∗ (X) is non-trivial
up to dimension 2, dgm⌣
σ (X)(I) ≤ 2 for any I. It follows from [α ⌣ α] = 0 that
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dgm⌣
σ (X)([1, 3)) = 1, and from [α ⌣ β] = [γ] that [2, 3) = [1, 3) ∗σ [2, ∞), implying
dgm⌣
σ (X)([2, 3)) = 2. A similar argument holds for [2, ∞), using the fact that [β ⌣ β] = [γ].
Thus, we obtain the persistent cup-length diagram dgm⌣
σ (X) as below (see the right-most
figure in Fig. 1 for its visualization):



1, if I = [1, 3)
⌣
dgmσ (X)(I) = 2, if I = [2, 3) or I = [2, ∞)


0, otherwise.
Applying Thm. 1, we obtain the persistent cup-length function cup(X) shown in the middle
figure of Fig. 1.
See [11, §C.1] for the proof of Thm. 1 and more examples of persistent cup-length diagrams.
It is worth noticing that the persistent cup-length diagram depends on the choice of the
family of representative cocycles σ, see Ex. 18 below.
2
▶ Example 18 (dgm⌣
σ (X) depends on σ). Let RP be the real projective plane. Consider
2
2
the filtration X of the 2-skeleton S2 (RP × RP ) of the product space RP2 × RP2 , given by:

•

RP2

RP2 ∨ RP2

S2 (RP2 × RP2 )

t ∈ [0, 1)

t ∈ [1, 2)

t ∈ [2, 3)

t≥3

X:

Let α be the 1-cocycle born at t = 1, and β be the 1-cocycles born at t = 2 when the
second copy of RP2 appears. See Fig. 6 for two choices of representative cocycles σ and τ
for B≥1 (X), where these two choices only differ by the first dimensional cocycles associated
with the bar [1, ∞). For a detailed explanation of the cohomology rings of the above spaces,
see [11, §C.1].
τ

σ
α⌣β

α⌣β
β

⌣2

β

⌣2

α⌣2

α⌣2

β

β
α
0

α+β
1

2

3

4

0

1

2

3

4

Figure 6 Two choices of representative cocycles for the filtration X given by Ex. 18.

To obtain the cup-length diagram, we first compute B(X)∗σ2 and B(X)∗τ 2 :

B(X)∗σ2
α⌣β

B(X)∗τ 2
(α + β) ⌣ β

β ⌣2

β ⌣2
(α + β)⌣2

α⌣2
0

1

2

3

4

0

1

2

3

4

By Defn. 16, the persistent cup-length diagram associated to σ and τ are (see Fig. 7):
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∞

2

2

∞

2

4

4

3

3

dgm⌣
σ (X)

2

2

2

dgm⌣
τ (X)

2

1

1

1

2

3

∞

4

1

2

3

4

∞

⌣
Figure 7 The persistent cup-length diagrams dgm⌣
σ (X) (left) and dgmτ (X) (right), see Ex. 18.

See [11, §C.2] for more examples of persistent cup-length diagrams. In the next section,
we develop an algorithm for computing the persistent cup-length diagram dgm⌣
σ (X), which
can be used to compute the persistent cup-length function cup(X) due to Thm. 1.

3.2

An algorithm for computing the persistent cup-length diagram
over Z2

Let X : X1 ,→ · · · ,→ XN (= X) be a finite filtration of a finite simplicial complex X. Suppose
that the barcode over positive dimensions B := B≥1 (X) and a family of representative
cocycles σ := {σI }I∈B are given. Because a finite filtration has only finitely many critical
values, we assume that all intervals in the barcode are closed at the right end. If not, we
replace the right end of each such interval with its closest critical value to the left. Since each
interval is considered together with a representative cocycle in this section, we will abuse the
notation and write B for the set {(I, σI )}I∈B as well. Let B ∗σ ℓ be the set of I1 ∗σ · · · ∗σ Iℓ
where each Ii ∈ B. We compute B ∗σ ℓ ℓ≥1 using:
Algorithm 2 Computing B∗σ ℓ



1
2
3
4

ℓ≥1

.

while B ∗σ ℓ ̸= ∅ do
for (I1 , σ1 ) ∈ B and (I2 , σ2 ) ∈ B ∗σ ℓ do
if I1 ∗σ I2 ̸= ∅ then
Append (I1 ∗σ I2 , σ1 ⌣ σ2 ) to B ∗σ (ℓ+1)

The line 3 involves the computation of supp(σ1 ⌣ σ2 ) which is some interval [bσ , dσ ]
for 1 ≤ bσ ≤ dσ ≤ m such that dσ is simply the right end of I1 ∩ I2 and bσ is the left end of
some I ∈ B, by Prop. 15. The computation of bσ is broken down in two steps: (1) compute
the cup product (at cochain level) σ := σ1 ⌣ σ2 , and (2) find bσ as the smallest i ≤ dσ such
that σ|C∗ (Xi ) is not a coboundary. Step (1) is already addressed by Alg. 1 on page 6. Let us
now introduce an algorithm to address Step (2).

3.3

Checking whether a cochain is a coboundary

As before, we assume a total order (e.g. the order given in [5]) on the simplices, and denote
the ordered simplices by S = {α1 < · · · < αm }, where m is the number of simplices. We
∗
adopt the reverse ordering for the set of cosimplices S ∗ := {αm
< · · · < α1∗ }. Notice that S ∗
forms a basis for the linear space of cochains. A p-cochain σ is written as a linear sum of
elements in S ∗ uniquely. If αj∗ appears as a summand for σ, we denote αj ∈ σ.
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Let A be the coboundary matrix associated to the ordered basis S ∗ . Assume that
R = AV is the reduced matrix of A obtained from left-to-right column operations, given
by the upper triangular matrix V . As a consequence, the pivots Pivots(R) of columns of
R are unique. Using all i-th row for i ∈ Pivots(R), we do bottom-to-top row reduction on
R: U R = Λ , such that Λ has at most one non-zero element in each row and column, and
U is an upper triangular matrix. See [11, Alg. 3] for the row reduction algorithm (with
complexity O(m2 )), which outputs the matrix U . The following proposition allows us to use
the row reduction matrix U and Pivots(R) to check whether a cochain is a coboundary. For
the proof of Prop. 19, see [11, §C.3].
∗
▶ Proposition 19. Given a p-cochain σ, let y ∈ Zm
2 be such that σ = S · y. Let R be
the column reduced coboundary matrix, U be the row reduction matrix of R. Then σ is a
coboundary, iff {i : the i-th row of (U · y) ̸= 0} ⊂ Pivots(R).

Using the boundary matrix. We can also use the boundary matrix to check whether a
cocycle is a coboundary, see [11, page 28]. Using the boundary matrix, only column reduction
is needed, while for the coboundary matrix both column reduction and row reduction are
performed. However, it has been justified in [5] that reducing the coboundary matrix is more
efficient than reducing the boundary matrix. Combined with the fact that the row reduction
step does not increase the computation complexity of computing the persistent cup-length
diagram, we will use the coboundary matrix in this paper.

3.4

Main algorithm and its complexity

Motivated by the goal of obtaining a practical algorithm, and in order to control the
complexity, we consider truncating filtrations up to a user specified dimension bound.
Truncation of a filtration. Fix a positive integer k. Given a filtration X : X1 ,→ · · · ,→
be the (k + 1)-skeleton of Xi for each i.
XN (= X) of a finite simplicial complex X, let Xk+1
i
The (k + 1)-dimensional truncation of X is the filtration Xk+1 : Xk+1
,→ · · · ,→ Xk+1
1
N . Since
≤k
≤k
k+1
∼
H (Y) = H (Y
)(as vector spaces) for any simplicial complex Y, we conclude that
H≤k (X) ∼
= H≤k Xk+1 as persistent vector spaces. Thus, the barcode B(Xk+1 ) of Xk+1 is
equal to the barcode B≤k (X) := ⊔p≤k Bp (X). Let B[1,k] (X) := ⊔1≤p≤k Bp (X). We introduce
Alg. 3 for computing the persistent cup-length diagram for the (k + 1)-dimensional truncation
of X over Z2 . The time complexity of Alg. 3 is described in terms of the variables below:
k is a dimension bound used to truncate the filtration;
mk is the number of simplices with positive dimension in the (k + 1)-skeleton Xk+1 of X;
ck is the complexity of checking
is alive at a given filtration parameter;
 whethera simplex

∗σ ℓ
qk−1 := max1≤ℓ≤k−1 card B[1,k] (X)
(see Defn. 14). In particular, q1 =

card B[1,k] (X) .

Time complexity. In Alg. 3, line 9 runs no more than q1 · qk−1 times, due to the definition
of q1 and qk−1 . The while loop in line 14 runs no more than card(b_time) ≤ q1 times, and
the condition of this while loop involves a matrix multiplication whose complexity is at most
O((mk )2 ). Combined with other comments in Alg. 3 and the fact that k is a fixed constant,
the total complexity is upper bounded by
O(k) · O(q1 · qk−1 ) · O((mk )2 · max{ck , q1 }) ≤ O((mk )2 · q1 · qk−1 · max{ck , q1 }).
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Algorithm 3 Main algorithm: compute persistent cup-length diagram.

: A dimension bound k, the ordered list of cosimplices S ∗ from dimension 1
to k + 1, the column reduced coboundary matrix R from dimension 1 to
k + 1, and barcodes (annotated by representative cocycles) from dimension
1 to k: B[1,k] = {(bσ , dσ , σ)}σ∈σ , where each σ is a representative cocycle
for the bar (bσ , dσ ) and {σ1 , . . . , σq1 } is ordered first in the increasing order
of the death time and then in the increasing order of the birth time.
Output : A matrix representation Aℓ of persistent cup-length diagram, and the lists
of distinct birth times b_time and death times d_time.
Input

1
2
3
4
5
6
7
8
9
10
11
12
13
14

15
16
17
18
19
20
21

b_time, d_time ← unique({bσ }σ∈σ ), unique({dσ }σ∈σ );
mk , ℓ, B1 ← card(S ∗ ), 1, B[1,k] ;
A0 = A1 ← zeros(card(b_time), card(d_time));
U ← RowReduce(R) ;
// O(m2k ), [11, Alg. 3]
for (bi , bj ) ∈ B1 do
// O(mk )
A1 (i, j) ← 1;
while Aℓ−1 ̸= Aℓ and l ≤ k − 1 do
// O(k)
Bℓ+1 = {};
for (bi1 , dj1 , σ1 ) ∈ B1 and (bi2 , dj2 , σ2 ) ∈ Bℓ do
// O(q1 · qk−1 )
∗
2
σ ← CupProduct(σ1 , σ2 , S ) ;
// O(mk · ck ), Alg. 1
y ← the vector representation of σ in S ∗ ;
i ← max{i′ : bi′ ≤ dmin{j1 ,j2 } };
si ← number of simplices alive at bi ;
while {u : (Umk +1−si : mk , mk +1−si : mk · ymk +1−si : mk )(u) ̸= 0} ⊂ Pivots(R)
do
// O((mk )2 · q1 )
i ← i − 1;
si ← number of simplices alive at bi ;
if bi < dmin{j1 ,j2 } then
Append (bi , dmin{j1 ,j2 } , σ) to Bℓ+1 ;
Aℓ+1 (i, min{j1 , j2 }) ← ℓ
ℓ ← ℓ + 1.
return Aℓ , b_time, d_time.

Next, we estimate qk−1 and ck using q1 , mk and k. Since each Bℓ consists of ℓ-fold
∗σ -products of elements in B1 , we have qk−1 = max1≤ℓ≤k−1 card(Bℓ ) ≤ (q1 )k−1 , which turns
out to be a very coarse bound (see [11, Rmk. 45]). On the other hand, ck as the cost
of checking whether a simplex is alive at a given filtration, is at most mk the number of
simplices. Hence, the complexity of Alg. 3 is upper bounded by O((mk )3 · q1k ). In addition, we
have q1 ≤ mk , because in the matrix reduction algorithm for computing barcodes, bars are
obtained from the pivots of the column reduced coboundary matrix and each column provides
at most one pivot. Thus, O((mk )2 · q1 · qk−1 · max{ck , q1 }) ≤ O((mk )3 · q1k ) ≤ O((mk )k+3 ).
Consider the Vietoris-Rips filtration arising from a metric space of n points with the
distance matrix D. Then line 7 of Alg. 1, checking whether a simplex a (represented by
a set of at most k + 1 indices into [n]) is alive at the filtration parameter value t, can be
done by checking whether max(D[a, a]) ≤ t, with constant time complexity ck = O(k 2 ). In
summary, we have the following theorem.
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▶ Theorem 20 (Complexity of Alg. 3). For an arbitrary finite filtration truncated up to
dimension (k + 1), computing its persistent cup-length diagram via Alg. 3 has complexity at
most O((mk )2 · q1 · qk−1 · max{ck , q1 }). In terms of just mk , the complexity of Alg. 3 is at
most O((mk )k+3 ), since ck ≤ mk and qk−1 ≤ (mk )k−1 .
For the (k + 1)-dimensional truncation of the Vietoris-Rips filtration arising from a metric
space of n points, the complexity of Alg. 3 is improved to O((mk )2 · q12 · qk−1 ), which is at
2
most O((mk )k+3 ) ≤ O(nk +5k+6 ).
Notice that when k = 1, the persistent cup-length diagram simply evaluates 1 at each
bar in the standard barcode, and 0 elsewhere. When k ≥ 2, the resulting persistent cuplength diagram becomes more informative and captures certain topological features that the
standard persistence diagram is not able to detect. This is reflected in [11, Ex. 42].
Although the algorithm has not been tested on datasets yet, it is a practical algorithm,
given that there are available software programs, such as Ripser (see [4]), which compute
the barcode and extracts representative cocycles for Vietoris-Rips filtrations. Note that,
according to [5], the implementation ideas ‘are also applicable to persistence computations
for other filtrations as well’.
▶ Remark 21 (Estimating the parameter qk−1 ). The inequality qk−1 ≤ (mk )k−1 is quite coarse
in general. Consider a filtration consisting of contractible spaces, where qk−1 is always 0
but mk can be arbitrarily large. Even in the case when there is a reasonable number of
cohomology classes with non-trivial cup products, qk−1 can be much smaller than (mk )k−1 .
See [11, Rmk. 45].
▶ Remark 22 (Reducing the time complexity). Because cup products cannot live longer than
their factors, discarding short bars will not result into loss of important information. In our
algorithm, an extra parameter ϵ ≥ 0 can be added to discard all the bars in the barcode B1
with length less than ε. By doing so, since the cardinality of B1 is decreased, one expects
the runtime of Alg. 3 (in particular inside the loop in line 9) to be significantly reduced. A
similar trimming strategy can also be applied in the construction of the subsequent Bℓ s.
Correctness of the algorithm. Checking whether a cocycle is a coboundary requires local
matrix reduction for the given filtration parameter dmin{j1 ,j2 } , but a global matrix reduction
is performed in the algorithm. The reason is that the coboundary matrix A, the column
reduction matrix V and the row reduction matrix U are all upper-diagonal. Therefore,
reducing the ambient matrix A and then taking the bottom-right submatrix to get Ū , is
equivalent to reducing the submatrix of A directly.
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