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Abstract
We prove two results that shed new light on the monotone complexity of the spanning tree polynomial,
a classic polynomial in algebraic complexity and beyond.

First, we show that the spanning tree polynomials having n variables and defined over constant-
degree expander graphs, have monotone arithmetic complexity 2Ω(n). This yields the first strongly
exponential lower bound on monotone arithmetic circuit complexity for a polynomial in VP. Before
this result, strongly exponential size monotone lower bounds were known only for explicit polynomials
in VNP [5, 14, 17, 1, 8].

Recently, Hrubeš [7] initiated a program to prove lower bounds against general arithmetic circuits
by proving ϵ-sensitive lower bounds for monotone arithmetic circuits for a specific range of values for
ϵ ∈ (0, 1). The first ϵ-sensitive lower bound was just proved for a family of polynomials inside VNP
by Chattopadhyay, Datta and Mukhopadhyay [2]. We consider the spanning tree polynomial STn

defined over the complete graph of n vertices and show that the polynomials Fn−1,n − ϵ · STn and
Fn−1,n +ϵ ·STn, defined over (n−1)n variables, have monotone circuit complexity 2Ω(n) if ϵ ≥ 2−Ω(n)

and Fn−1,n :=
∏n

i=2

(
xi,1 + · · · + xi,n

)
is the complete set-multilinear polynomial. This provides

the first ϵ-sensitive exponential lower bound for a family of polynomials inside VP. En-route, we
consider a problem in 2-party, best partition communication complexity of deciding whether two
sets of oriented edges distributed among Alice and Bob form a spanning tree or not. We prove that
there exists a fixed distribution, under which the problem has low discrepancy with respect to every
nearly-balanced partition. This result could be of interest beyond algebraic complexity.

Our two results, thus, are incomparable generalizations of the well known result by Jerrum
and Snir [9] which showed that the spanning tree polynomial, defined over complete graphs with n

vertices (so the number of variables is (n − 1)n), has monotone complexity 2Ω(n). In particular, the
first result is an optimal lower bound and the second result can be thought of as a robust version of
the earlier monotone lower bound for the spanning tree polynomial.
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1 Introduction

A central problem in complexity theory aims to understand the following question: How
much more powerful are computations with access to negations than computations that
are monotone? While strong limitations have been known since almost three decades on
monotone computations, in both Boolean and algebraic complexity, several basic gaps in
our knowledge remain. We consider two such natural problems in the context of algebraic
complexity.

The first question is as follows: Does there exist a monotone polynomial that can be
efficiently computed by general circuits using cancellations but for which monotone circuits
cannot do anything better than computing it by brute-force, i.e. monomial by monomial.
The first big progress on this problem was made by Valiant [18] in a seminal work. Soon
after, Jerrum and Snir [9] proved a similar result using a different polynomial called the
spanning tree polynomial. In both these works, the monotone polynomials were respectively
exhibited on n variables, shown to be computed by general arithmetic circuits of polynomial
in n size, and were also shown to require monotone circuits of size 2Ω(

√
n). While these results

show that exponential savings in circuit size is possible by allowing negations, they leave
the following question open: can the savings be pushed to the extremes, i.e. for any such
polynomial can one prove a strongly exponential lower bound of 2Ω(n) on their monotone
complexity.

Strongly exponential lower bounds on monotone arithmetic circuit size have been also
proven before, spanning efforts from the eighties to very recent times: first in the eighties by
Kasim-Zade [10], Gashkov [4], Gashkov and Sergeev [5] which remained relatively unknown.
Then, Raz and Yehudayoff [14] showed such bounds using sophisticated exponential sum
estimates, more recently by Srinivasan [16], much more recently by Cavalar, Kumar and
Rossman [1] using polynomials derived from error correcting codes. Just this year, Hrubeš
and Yehudayoff [8] established such bounds using polyhedral combinatorics. Remarkably, in
each case, the target polynomials are not known, and perhaps not expected, to lie in VP, the
class of polynomials that have efficient general circuits. This left the following possibility
open in principle: proving a strongly exponential lower bound of 2Ω(n) on the monotone
complexity of a monotone polynomial was enough to show that it did not admit general
circuits of polynomial size.

Our first result finally rules out this possibility with two interesting features: first the
polynomial used is a spanning tree polynomial, something that has been studied since at
least Jerrum and Snir’s classical work. Second, our argument is quite short.

Our second result concerns establishing ’robust’ monotone lower bounds: consider an
’easy’ polynomial like the full set multi-linear polynomial Fn,m :=

∏n
i=1
∑m

j=1 xi,j . A simple
depth-2 monotone circuit of size m + 1 (with unbounded fan-in) computes Fn,m. Can its
complexity be significantly increased by a very small perturbation using another polynomial?
Let f be a set-multilinear monotone polynomial and fϵ := Fn,m −ϵ·f , for a small ϵ. Obviously,
for ϵ = 0, the monotone complexity of fϵ is very low. Surprisingly, Hrubeš [7] showed that
if f can be computed in polynomial size (say s) by general set-multilinear circuits, then fϵ

has polynomial-size monotone circuits for ϵ roughly doubly exponentially small in s, but
non-zero. This gives rise to a natural program of proving super-polynomial monotone lower
bounds for such fϵ, when ϵ is small as an approach to ultimately obtain lower bounds for
general circuits. Hrubeš calls this ϵ-sensitive lower bounds for f . While Hrubeš posed the
challenge of establishing such lower bounds for the Permanent polynomial, none seemed to
have been known for any explicit polynomial. In a very recent work, Chattopadhyay, Datta
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and Mukhopadhyay [2], established the first such lower bound for a polynomial f that lies in
VNP but is not known to be in VP. More precisely, they could prove exponential monotone
lower bounds for fϵ as long as ϵ ≥ 2−Ω(

√
n).

A natural question that arises from the work of [2] is as follows: how small an ϵ is needed
to establish general circuit lower bounds from ϵ-sensitive super-polynomial monotone ones?
Hrubeš’ argument yields ϵ to be as small as doubly exponentially small to rule out s-size
general circuits. Is that necessary? Or the kind of ϵ that [2] handles is (nearly) sufficient?
Our result can be thought of as providing some evidence against the latter by proving the
first ϵ-sensitive monotone lower bounds against a polynomial with n variables that is in VP,
for ϵ ≥ 2−Ω(

√
n). The polynomial we use is the spanning tree polynomial each of whose

variables correspond to an edge of a complete graph on n vertices. Our argument exploits
the recently found connection by Chattopadhyay et al. [2], between the notion of rectangular
discrepancy in communication complexity and that of ϵ-sensitive monotone lower bounds.
The main contribution of this result is to exhibit a (well known) polynomial in VP for which
discrepancy based techniques still work.

Our two results about the spanning tree polynomial can be naturally interpreted to
give the following generalizations of the classical results of Valiant [18] and Jerrum and
Snir [9]: the first result shows that VP contains polynomials that are maximally hard for
monotone circuits. The second result shows that VP also contains polynomials that are quite
robustly hard for monotone circuits. The work also opens up interesting avenues for further
investigations that we describe in the last section.

Details of Our Results
Our first result about strongly exponential lower bounds on monotone complexity can be
thought of as a reinterpretation of the argument of [9] in more modern terms combined with
the use of expander graphs. The idea of using expander graphs seems natural since expander
graphs approximate complete graph in intuitive sense of pseudo-randomness. Partly, this is
also inspired by the result of Srinivasan [17]. Now, we explain our result in detail.

Let G be an undirected graph on n vertices and let G̃ be the directed graph obtained
from G which has edges (u, v) and (v, u) (in both directions) for every undirected edge (u, v)
in G. Consider the directed spanning tree polynomial

STn(G̃) =
∑

ν∈Tn

x2,ν(2)x3,ν(3) · · ·xn,ν(n),

where Tn = {ν : {2, 3, . . . , n} 7→ {1, 2, . . . , n} | ∀i ∃k νk(i) = 1 ; ∀i (i, ν(i)) ∈ E(G̃)}. We
note that the maps in Tn correspond to directed spanning trees rooted at 1 and every
monomial κ of STn is of the form x2,i2x3,i3 · · ·xn,in

. It is well-known that for every G,
STn(G̃) can be computed even by an algebraic branching program of size poly(n) [19] via
a determinant computation [12]. Jerrum and Snir showed that if G is the complete graph,
then any monotone circuit for STn(G̃) must be of size 2Ω(n) [9]. Note that, in this case the
number of variables is (n− 1)n. In contrast, we show the following.

▶ Theorem 1.1. For a sufficiently large constant d, let G be a d regular expander graph on
n vertices with λ2 ≤ d1−ϵ for some ϵ > 0. Then every monotone circuit for STn(G̃) must be
of size at least 2Ω(n).

Now we discuss our second main result. Hrubeš showed that if a polynomial fn of degree
d over n variables {x1, . . . , xn} is computed efficiently by a circuit, with access to negations,
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of size s, then there exists ϵ0 > 0, such that for every ϵ ≤ ϵ0, the function Fn + ϵ · fn has
efficient monotone circuits, where Fn := (1 + x1 + · · · + xn)d is the polynomial that contains
all monomials of degree at most d. So, proving monotone circuit lower bound for Fn + ϵ · fn

for sufficiently small ϵ would lead to general circuit lower bound for fn.
Most monotone lower bound techniques in the literature are crafted on arguments that

cannot distinguish between two polynomials as soon as they are supported on the same
set of monomials. Such arguments, not factoring in the set of coefficient values of a target
polynomial, cannot obviously work here. An attractive feature of Hrubeš’ approach is that
the choice of the polynomial Fn is rather flexible. If the target polynomial is set-multilinear
over the variables {x1,1, . . . , x1,m, . . . , xn,1, . . . , xn,m}, the choice of Fn could be replaced by

Fn,m :=
n∏

i=1
(xi,1 + · · · + xi,m),

to obtain lower bounds on the size of general set-multilinear circuits. Even obtaining such
lower bounds would be considered breakthrough. Indeed, Hrubeš suggests to prove lower
bounds using Fn,m as the easy polynomial, and setting fn as the Permanent polynomial.
Such monotone ϵ-sensitive lower bounds would then yield commensurate lower bounds on
the size of set-multilinear circuits computing fn. Proving super-polynomial lower bounds
even on the size of set-multilinear circuits has remained a longstanding open problem.

In a recent work, the first ϵ-sensitive lower bound was shown for a family of explicit
polynomials in VNP [2] using discrepancy based arguments. Roughly speaking, the range
for the parameter ϵ that they can handle is ϵ ≥ 2−Ω(m) where the number of variables in
the target set-multilinear polynomial is O(nm) and m logm ≤ n/4. So the parameter ϵ is
(roughly) at least 2−Ω(

√
ñ) when ñ is the number of input variables. It was not clear at all

if ϵ-sensitive lower bounds could be proved when the target polynomial fn is in VP. Our
second main result gives an affirmative answer by establishing exponential size lower bounds
for the family of spanning tree polynomials which are in VP.

▶ Theorem 1.2. There exists a constant η > 0 such that both the polynomials Fn−1,n −ϵ ·STn

and Fn−1,n + ϵ · STn have monotone circuit complexity 2Ω(n) provided ϵ ≥ 2−ηn, where STn

is the spanning tree polynomial defined over the complete graph of n vertices.

As far as we can tell, there are just two instances in the past where discrepancy has
been used for proving monotone lower bounds in arithmetic complexity. First, by Raz and
Yehudayoff [14] to establish strongly exponential lower bounds, among other things. Second,
very recently, by Chattopadhyay et.al. [2] who used it to prove ϵ-sensitive monotone lower
bounds. In both instances, arguments seemingly specific to the target polynomial were used.
A conceptual contribution of our argument is to formulate a simple but quite general transfer
principle, that translates discrepancy bounds under a universal distribution to the setting
of ϵ-sensitive lower bounds for 0-1 coefficient set-multilinear polynomials. To describe this,
let X denote the matrix of variables {xi,j}1≤i≤n,≤j≤m. A monomial κν over X is naturally
identified with a map ν : [n] → [m] such that κν =

∏n
i=1 xi,ν(i). Let P be a nearly-balanced

partition of [n] into the sets A and B (i.e. n/3 ≤ |A|, |B| ≤ 2n/3). Alice and Bob respectively
get two maps τ : A → [m] and θ : B → [m]. They jointly want to solve the communication
problem Cf

P which outputs 1 if and only if κτ · κθ is a monomial in the set-multilinear
polynomial f . Let ∆ be a distribution on the space [m]n of monomials. The best partition
discrepancy w.r.t. ∆ is defined as follows:

Disc∆(Cf ) := max
(A,B) is a nearly-balanced

partition of [n]

{Disc∆A,∆B
(Cf

P )}.
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Here ∆A and ∆B are the induced distributions by ∆ on [m]A and [m]B respectively.
Small discrepancy with respect to every balanced partition translates to the following lower
bound statement.

▶ Theorem 1.3 (Discrepancy-Sensitivity Correspondence). Consider a distribution ∆ over
[m]n. Then, the monotone complexity of Fn,m − ϵ · f (resp. Fn,m + ϵ · f) is at least ϵ

3γ

(resp. ϵ
6γ ) as long as ϵ ≥ 6γ

1−3γ (resp. ϵ ≥ 6γ
1−12γ ), where γ := Disc∆(Cf ).

The reason we need to handle the discrepancy for every nearly-balanced partition stems
from the fact that in the decomposition theorem of monotone circuits each product polynomial
a · b appears with its own set of nearly-balanced partition of the variables. Now to use the
theorem above, all we need to do is to craft a distribution ∆ for the spanning tree problem
such that the discrepancy remains small (under ∆) for every nearly-balanced partition P .

We give a sketch of the key ideas. Firstly, consider the following communication problem
in the basic 2-party model (spanning tree problem): Given a vertex set V partitioned into
two nearly-balanced sets V1 and V2 (|V1|, |V2| ≥ |V |/3), Alice and Bob receive two functions
τ : V1 → V and θ : V2 → V . They want to jointly decide whether the oriented edges given
by τ and θ form a spanning tree rooted at a special vertex designated as the root. Using
a graph gadget, we show that the standard inner product function can be reduced to this
problem via a rectangular reduction.

If the inputs for the inner product function are sampled according to the uniform
distribution Un, the reduction induces a distribution DP on the set of functions (τ, θ) when
the partition P is fixed. Using the low discrepancy of inner product under the uniform
distribution, one can directly infer that the spanning tree problem also has low discrepancy
under the distribution DP .

However to make it useful in the context of monotone circuit lower bounds, we need to
find a single distribution that handles all possible (nearly-balanced) partitions as mandated
by our Discrepancy-Sensitivity Correspondence. For instance, if Inner-Product is defined
as x1y1 + · · · + xnyn (mod 2), then although the partition in which Alice gets x1, . . . , xn

and Bob y1, . . . , yn has exponentially small discrepancy w.r.t the uniform distribution, the
perfectly balanced partition in which Alice gets x1, y1, . . . , xn/2, yn/2 and Bob the remaining
n/2 pairs has large, i.e. O(1) discrepancy w.r.t. every distribution.

Nevertheless, we are able to show exponentially small discrepancy for the spanning tree
problem w.r.t. every nearly-balanced partition, by a random embedding of our gadget graph
in the complete graph on n vertices. This enables designing a suitable distribution ∆ on the
set of maps [n]n−1 as stated in the following lemma that is the main technical contribution
of our second result.

▶ Lemma 1 (Informal). There exists a distribution ∆ on the set of maps from {2, 3, . . . , n}
to [n] such that Disc∆

(
CSTn

)
is 2−Ω(n).

This result could be of independent interest even beyond algebraic complexity theory.

Organization
In Section 2, we collect some basic results from monotone arithmetic computation and from
communication complexity. We prove a strongly exponential monotone circuit size lower
bound for the spanning tree polynomial in Section 3. In Section 4, we develop a general
framework for proving ϵ-sensitive lower bounds for set-multilinear polynomials via a suitable
discrepancy based technique. We prove the low discrepancy of spanning tree problem under
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a certain universal distribution in Section 5. We then use the low discrepancy result to
complete the ϵ-sensitive lower bound result for the spanning tree polynomial in Section 6.
We state some open problems in Section 7.

2 Preliminaries

Notation
Let [n] = {1, 2, . . . , n}. Polynomials are always considered over R[X] where R is the set of
reals. For a polynomial p, let var(p) denote the set of variables in p.

Set-multilinear Polynomials
Let X = ∪n

i=1Xi be a set of variables where Xi = {xi,1, xi,2, . . . , xi,m}. A polynomial
p ∈ R[X] is set-multilinear if each monomial in p respects the partition given by the
set of variables X1, X2, . . . , Xn. In other words, each monomial κ in p is of the form
x1,j1x2,j2 · · ·xn,jn

.

Ordered Polynomial
For a monomial of the form κ = xi1,j1xi2,j2 · · ·xin,jn

we define the set I(κ) = {i1, i2, . . . , in}.
If a polynomial p has the same set I(κ) for every monomial occurring it it with a nonzero
coefficient, then we say that the polynomial is ordered and we write I(p) = I(κ) for each κ.
Clearly, the set-multilinear polynomials are ordered polynomials with I(p) = {1, 2, . . . , n}.

Structure of Monotone Circuits
The main structural result for monotone circuits that we use throughout, is the following
theorem.

▶ Theorem 2. [20, Lemma 1] Let n > 2 and p ∈ R[X] be an ordered monotone polynomial
with I(p) = [n]. Let C be a monotone circuit of size s that computes p. Then, we can write

p =
s∑

t=1
at · bt

where at and bt are monotone ordered polynomials with n
3 ≤ |I(at)| ≤ 2n

3 and I(bt) =
[n] \ I(at). Moreover, atbt ≤ p for each 1 ≤ t ≤ s, by which we mean that the coefficient of
any monomial in atbt is bounded by the coefficient of the same monomial in p.

A partition P = (A,B) of [n] is said to be perfectly balanced if |A| = |B| = n
2 and is said to

be nearly-balanced if n
3 ≤ |A|, |B| ≤ 2n

3 . An ordered product polynomial a · b on n variables
is said to be nearly-balanced if n

3 ≤ |I(a)|, |I(b)| ≤ 2n
3 .

Communication Complexity
We recall some basic results from communication complexity. The details can be found
in [11]. Let us very briefly first recall the basic notions in the 2-party communication
model of Yao. The joint input space of Alice and Bob is {0, 1}m × {0, 1}m with each
player receiving an m-bit Boolean string, and they want to evaluate a Boolean function
F : {0, 1}m × {0, 1}m → {0, 1}. One defines a combinatorial rectangle R as a product set
A × B, for some A,B ⊆ {0, 1}m. Put another way, R is just a submatrix of the 2m × 2m
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communication matrix MF of the function F , that Alice and Bob want to compute. The
rows of this matrix are indexed by possible inputs of Alice and the columns by the ones of
Bob and MF (x, y) = F (x, y). One of the important notions is discrepancy. For a rectangle
R, the discrepancy Discδ(F,R) :=

∣∣δ(R ∩ F−1(0)) − δ(R ∩ F−1(1))
∣∣ where δ is a distribution

on the input space {0, 1}m × {0, 1}m. The discrepancy of F under δ is defined as

Discδ(F ) := max
R

Discδ(F,R)

.
The inner product function IPm(x, y) :=

∑m
i=1 xiyi (mod 2). It is well-known that the

discrepancy of the inner product function is small under the uniform distribution Um over
{0, 1}m × {0, 1}m. This was first proved by Chor and Goldreich [3]. A self-contained proof
can be found in [11].

▶ Theorem 3. [11, Example 3.29] Under the uniform distribution Um over {0, 1}m ×{0, 1}m,
DiscUm(IPm) = 2−Ω(m).

3 Strong Exponential Separation of VP and Monotone VP

In this section we prove Theorem 1.1. For a graph G, let V (G), E(G) denote the set of
vertices and edges of G respectively, and for any pair S, T ⊆ V (G), let E(S, T ) ≡ {(u, v) ∈
E(G) : u ∈ S , v ∈ T}. For an undirected graph G with n vertices, let di denote the degree
of each vertex i. The Laplacian matrix L is defined as follows:

Lij :=


di if i = j

−1 if there is an edge between i and j

0 otherwise.

▶ Lemma 4 (Expander Mixing Lemma). [6, Lemma 2.5] Let G be an undirected d regular
graph such that λ2 is the second largest eigenvalue of the adjacency matrix of G. Then, for
every S, T ⊆ V (G)∣∣∣∣|E(S, T )| − d

n
|S||T |

∣∣∣∣ ≤ λ2
√

|S||T |.

We also need Matrix Tree Theorem which we state below.

▶ Theorem 5 (Matrix Tree Theorem, [13, Theorem 13.1]). Let G be an undirected graph on n

vertices and let 0, µ1, µ2, . . . , µn−1 be the eigenvalues of the Laplacian of G. Then the number
of spanning trees in G is 1

nµ1 · µ2 · · ·µn−1.

Proof of Theorem 1.1. Consider a family of d-regular expander graphs where d is a suffi-
ciently large constant and the second largest eigenvalue is bounded by d1−ϵ for a suitable
ϵ > 0. For example, the current proof works for ϵ = 0.25 and such a family of graphs can be
explicitly constructed [15]. Let G = Gn be the nth graph in the family.

Suppose STn(G̃) has a monotone circuit of size S. Recall from Section 1 that G̃ is the
graph obtained from G which has edges in both directions for each undirected edge in G.
Then applying Theorem 2 to the polynomial STn(G̃) we get

STn(G̃) =
S∑

s=1
asbs. (1)

ITCS 2022
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For a fixed s, let Xt = {xt,j |xt,j ∈ var(as) ∪ var(bs)}. Since every monomial of STn(G̃)
has distinct first indices we conclude that I(as) ∩ I(bs) = ∅.

Now we upper bound
∑n

t=2 |Xt|. We note that if i ∈ I(as) and j ∈ I(bs) then it cannot
be the case that both xi,j and xj,i are in ∪n

t=2Xt. Suppose xi,j , xj,i ∈ ∪n
t=2Xt then it must

be the case that xi,j ∈ var(as) and xj,i ∈ var(bs) (since i ̸∈ I(bs) and j ̸∈ I(as)). Then some
monomial in asbs contains xi,jxj,i which is a two cycle and cannot be part of the spanning
tree polynomial.

This shows that in the set of undirected edges E(I(as), I(bs)), at least one out of the
two directed edge variables, corresponding to an undirected edge, must be absent in ∪n

t=2Xt.
Thus we may bound,

n∑
t=2

|Xt| ≤ dn−
∣∣E(I(as), I(bs))

∣∣.
Since G is an expander, using Lemma 4 we conclude that∣∣∣∣∣∣E(I(as), I(bs))

∣∣− d

n
|I(as)||I(bs)|

∣∣∣∣ ≤ λ2
√

|I(as)||I(bs)|.

On rearranging, we obtain∣∣∣∣E(I(as), I(bs))
∣∣∣∣ ≥ d

n
|I(as)||I(bs)| − λ2

√
|I(as)||I(bs)|.

Since |I(as)|, |I(bs)| ≥ n
3 and |I(as)| + |I(bs)| = n we may simplify the right hand side as∣∣∣∣E(I(as), I(bs))

∣∣∣∣ ≥ d

n

n2

9 − λ2
n

2 = n(d9 − λ2

2 ).

Since λ2 ≤ d1−ϵ, we may relax the right hand side and write |E(I(as), I(bs))| ≥ nd
18 for

sufficiently large d. Let α = 1
18 . Now we bound the total numbers of monomials in asbs as

|mon(asbs)| ≤
n∏

t=2
|Xt| ≤

(∑n
t=2 |Xt|
n− 1

)n−1

≤ ((1 − α) nd

n− 1)n−1 ≤ (1.01d(1 − α))n−1

for sufficiently large n.
Then, the number of monomials in STn(G̃):

|mon(STn(G̃))| ≤ S(1.01d(1 − α))n−1. (2)

Let L(G) be the Laplacian of the graph G with eigenvalues 0 < µ1 ≤ µ2 ≤ . . . ≤ µn−1.
Since G is an expander, we conclude that µ1 ≥ (d− λ2). Then, Theorem 5 implies that

|mon(STn(G̃))| = 1
n
µ1µ2 · · ·µn−1 ≥ 1

n
(d− λ2)n−1 ≥ 1

n
(d− d1−ϵ)n−1.

▶ Remark 6. Notice that each spanning tree rooted at the vertex 1 in G is in bijective
correspondence with a rooted tree at the vertex 1 in G̃.

Putting the above bound together with the upper bound in Equation 2, we get that
1
n

(d− d1−ϵ)n−1 ≤ |mon(STn(G̃))| ≤ S(1.01d(1 − α))n−1.

This immediately implies that S ≥ 1
n

(
d−d1−ϵ

1.01d(1−α)

)n−1
≥ 1

n ( 99
101(1−α) )n−1 = 2Ω(n), for suffi-

ciently large d. ◀
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4 Discrepancy Implies ϵ-Sensitive Bounds

In this section we formulate a simple method to prove ϵ-sensitive lower bound against
set-multilinear polynomials by showing a connection with discrepancy under a universal
distribution.

Consider the input matrix X of dimension n×m with entries X[i, j] := xi,j of indeterm-
inates. Define M[X] to be the set of all set-multilinear monomials of degree n over variable
set X = {Xi| i ∈ [n]} and ∀i Xi = {xi,j | j ∈ [m]}. We identify a monomial κν ∈ M[X] with
a map ν : [n] → [m] in the following way, κν =

∏n
i=1 xi,ν(i). This forms a bijection between

set M[X] and Υ = {ν| ν : [n] → [m]}.
Given a partition P = (A,B) of [n] which is nearly-balanced i.e. |A|, |B| ∈ [ n

3 ,
2n
3 ], define

sets of maps AP = {τ | τ : A → [m]} and BP = {θ| θ : B → [m]}. Clearly any map
τ ∈ AP (θ ∈ BP ) gives a set-multilinear monomial κτ (κθ) of degree |A| (|B|) over vari-
able set XA = {Xi|i ∈ A} (XB = {xj |j ∈ B}) in the following way, κτ =

∏
i∈A xi,τ(i)

(κθ =
∏

j∈B xj,θ(j)).
For any degree n set-multilinear polynomial f with 0 − 1 coefficients over variable set

X and a nearly-balanced partition P = (A,B) of [n], define the communication function
Cf

P : AP × BP → {0, 1} as follows:

Cf
P (τ, θ) :=

{
1 iff coefficient of κτ · κθ is 1 in f

0 iff coefficient of κτ · κθ is 0 in f

Naturally, Cf
P can be viewed as a Boolean communication matrix with rows indexed by

elements in AP and columns indexed by elements in BP . Let us consider a distribution ∆ over
[m]n. Given a partition P = (A,B) of [n], the distribution ∆ induces two distributions over
the rows and columns of Cf

P . We denote the induced distributions by ∆A, ∆B respectively.
Then, let

Disc∆(Cf ) := max
(A,B) is a nearly-balanced

partition of [n]

{Disc∆A,∆B
(Cf

P )}.

Consider the full set-multilinear polynomial Fn,m =
∏n

i=1
∑m

j=1 xi,j . Now define the polyno-
mials g := Fn,m − ϵ · f and g′ := Fn,m + ϵ · f . Observe that in the polynomial g (g′) all those
monomials which have coefficients 1 in f have coefficients exactly 1 − ϵ (1 + ϵ) and those
which have coefficients 0 in f have coefficients exactly 1. The main result of this section is
the proof of Theorem 1.3. For the reader’s convenience, we restate the theorem below.

▶ Theorem 1.3 (Discrepancy-Sensitivity Correspondence). Consider a distribution ∆ over
[m]n. Then, the monotone complexity of Fn,m − ϵ · f (resp. Fn,m + ϵ · f) is at least ϵ

3γ

(resp. ϵ
6γ ) as long as ϵ ≥ 6γ

1−3γ (resp. ϵ ≥ 6γ
1−12γ ), where γ := Disc∆(Cf ).

Proof. We present the proof for g. The proof for g′ is analogous. The main idea is to define
a measure M on the set of monomials. Then we extend the measure to the polynomial by
linearity. We define the measure M in the following way.

M(κ) :=


∆(κ) if coefficients of κ is 1 in f and κ is in Supp(∆)
−∆(κ) if coefficients of κ is 0 in f and κ is in Supp(∆)
0 κ is not in Supp(∆)

Now we need the following two lemmas to prove Theorem 1.3.

ITCS 2022



39:10 Monotone Complexity of Spanning Tree Polynomial Re-Visited

▶ Lemma 7. For every distribution ∆ over [m]n and for any nearly-balanced ordered product
polynomial a · b of degree n with ||a · b||∞ ≤ 1, the measure |M(a · b)| ≤ Disc∆A,∆B

(Cf
P ) where

A = I(a), B = I(b).

▶ Lemma 8. let f be a set-multilinear polynomial of degree n and g = Fn,m − ϵ · f with
ϵ ≥ 6γ

1−3γ where γ = Disc∆(Cf ). Then |M(g)| ≥ ϵ
3 .

Let us first prove Theorem 1.3 assuming Lemmas 7 and 8. Further, assume g has a monotone
circuit of size s. Then, using Theorem 2, g can be expressed as g =

∑s
i=1 ai · bi where each

ai ·bi is a nearly-balanced product polynomial. Using Lemmas 7 and 8, and the sub-additivity
of the measure M, it follows that,

ϵ

3 ≤Lemma 8 |M(g)| =Definition |M(
s∑

i=1
ai · bi)| ≤Sub-additivity

∑s

i=1
|M(ai·bi)|≤Lemma 7

s · γ

This shows s ≥ ϵ
3γ with ϵ ≥ 6γ

1−3γ .
◀

Now we provide proofs of Lemmas 8 and 7. To prove Lemma 7, it’d be convenient to write a
product polynomial as a sum of rectangular product polynomials, via the following lemma.

▶ Lemma 9. Let a · b be a product polynomial with both a and b monotone. Then a · b can
be written as a sum of rectangular product polynomials, i.e.

a · b =
∑
i,j

λi,j αi · βj .

Here
∑
i,j

λi,j = ||a · b||∞ and λi,j > 0. Moreover, the coefficients of monomials in αi and βj

are only 0, 1.

Proof. First we want to show if we take any monotone polynomial a, we can write it as∑
i

λiai where ais are monotone polynomials with coefficients 0, 1 and
∑
i

λi = ||a||∞, and

the λis are non-negative. For this, write polynomial a as a vector Va of coefficients, i.e. the
vector has a coordinate for every set-multilinear monomial appearing in the polynomial. Let
the vector Va = [p1, p2, · · · , pℓ]T where each pi > 0.

We prove the claim using induction on the number of nonzero entries in the vector.
The base case will be a being a single monomial, for which the statement is trivially true.

For the inductive step, consider p = mini{pi}. Let Vp be the vector of length ℓ such
that each entry is p. Let f̂ be the polynomial having the same monomial set as a and
the coefficients are all 1. Now consider the polynomial a′ corresponding to the vector
Va′ = Va − Vp, where the difference has been taken coordinate wise. This new vector has 0
valued coordinates for which Va has p. Now by inductive hypothesis a′ =

∑
j

λja
′
j where a′

j are

polynomials having 0 − 1 coefficients and
∑
j

λj = ||a′||∞. Observe that ||a′||∞ = ||a||∞ − p.

Hence,

a = a′ + p · f̂ =
∑

j

λja
′
j + p · f̂ .

Here
∑

j λj + p = ||a′||∞ + p = ||a||∞. This proves our first claim.
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Using the above, write a =
∑
i

λi · αi and b =
∑
j

λ′
j · βj . Where

∑
i

λi = ||a||∞ and∑
j

λ′
j = ||b||∞. So,

a · b =
∑
i,j

λiλ
′
jαi · βj ,

and
∑
i,j

λi · λ′
j = (

∑
i

λi)(
∑
j

λ′
j) = ||a||∞ · ||b||∞ = ||a · b||∞. ◀

Now we are ready to prove Lemma 7.

Proof. By Lemma 9, decompose a · b =
∑
i,j

λi,j αi · βj , where
∑
i,j

λi,j = ||a · b||∞ and λi,j > 0.

Hence by triangle inequality and sub-additivity,

|M(a · b)| ≤
∑
i,j

λi,j |M(αi · βj)|.

Now M(αi · βj) = Disc∆A,∆B
(R) where R is the rectangle A×B with A is indexed by the

set of ordered monomials in αi and B is indexed by the set of ordered monomials in βj

and partition P = (A,B) of [n] is given by A = I(αi) and B = I(βj). So we have that
|M(αi · βj)| ≤ Disc∆A,∆B

(R) ≤ Disc∆(Cf ) = γ. So,

|M(a.b)| ≤
∑
i,j

λi,j |M(αi · βj)| ≤
∑
i,j

λi,jγ ≤ γ

The third inequality comes from Lemma 9, i.e.
∑
i,j

λi,j = ||a · b||∞ ≤ 1. So the proof

follows. ◀

Next we prove the Lemma 8.

Proof. Since g = Fn,m − ϵ · f , applying the measure M we have,

M(g) = M(Fn,m) − ϵ · M(f).

Since the full polynomial Fn,m is a product of linear forms, by using Lemma 7 we conclude
that |M(Fn,m)| ≤ γ.

Let S1, S2 be the sets of monomials with coefficients 1 and 0 in f that are in the support
of ∆, then we observe∣∣∣∣M(Fn,m)

∣∣∣∣ =
∣∣∣∣ ∑

κ∈S1

∆(κ) −
∑

κ∈S2

∆(κ)
∣∣∣∣ ≤ γ

Further,∑
κ∈S1

∆(κ) +
∑

κ∈S2

∆(κ) = 1

Combining the above two equations we conclude that

M(f) =
∑

κ∈S1

∆(κ) ≥ 1
2 − γ

2 .

Using this estimate, |M(g)| ≥ ϵ · ( 1
2 − γ

2 ) − γ. This will be at least ≥ ϵ
3 for ϵ ≥ 6γ

1−3γ ◀
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5 Low Discrepancy of Spanning Tree Problem

In this section, we consider a communication problem that decides whether two sets of
oriented edges of a given vertex set distributed among Alice and Bob form a spanning
tree. By embedding the inner product function in it, we show that the problem has low
discrepancy.

▶ Problem 5.1. Spanning tree problem (Comm-STn).
The input to this problem is a fixed vertex set V ∪ {r} where V is partitioned into V1, V2

and |V | = n. Alice gets V1 and Bob gets V2 respectively. Additionally, Alice (Bob) is
given a map τ : V1 → V ∪ {r} (θ : V2 → V ∪ {r}) specifying the directed edges i → τ(i)
(j → θ(j)) for i ∈ V1 (j ∈ V2). The communication problem is to decide whether the edges
{(i, τ(i)) : i ∈ V1} ∪ {(j, θ(j)) : j ∈ V2} form a spanning tree rooted at r or not.

Corresponding to the partition P = (V1, V2), we define a boolean function gP : T × Θ →
{0, 1} where T = {τ : V1 → V ∪ {r}} and Θ = {θ : V2 → V ∪ {r}}. We set gP (τ, θ) = 1 if
and only if {(i, τ(i)) : i ∈ V1} ∪ {(j, θ(j)) : j ∈ V2} forms a spanning tree rooted at r. In this
work, unless explicitly stated otherwise, the partition (P ) will always be nearly-balanced, i.e.
|V1|, |V2| ≥ |V |

3 .

▶ Remark 10. In the definition of Problem 4.1, the functions τ and θ ensure that every vertex
in the resulting directed graph has out-degree 1 except the vertex r. So, if the oriented edges
form a directed spanning tree then it must be rooted at r.

▶ Remark 11. The communication matrix of gP , MP has rows indexed by elements in T and
columns are indexed by elements in Θ. For any entry (τ, θ) in the matrix, MP [τ, θ] = 1 if
and only if gP (τ, θ) = 1.

In the next section we are going to prove the following lemma.

▶ Lemma 12. For each perfectly balanced partition P there exists a distribution DP on T×Θ
such that the discrepancy of gP under the distribution DP is 2−Ω(n).

The argument to establish the low discrepancy of gP under a certain distribution uses a
rectangular reduction from the inner product problem to the spanning tree problem which
we describe next.

5.1 The Reduction
Consider a vertex set V ∪ {r} with |V | = 4n+ 2, where n ≥ 1 is an integer. The set V is
partitioned into perfectly balanced sets V1, V2 such that |V1| = 2n+1, |V2| = 2n+1. Alice (Bob)
gets the vertex set V1 (V2) and a map τ ∈ T (θ ∈ Θ), where T = {τ : V1 → V ∪ {r}} ( Θ =
{θ : V2 → V ∪ {r}}). In this section we exhibit a reduction RED from IPn to Comm-ST4n+2
which has the following property. Given an input instance (x, y) ∈ {0, 1}n × {0, 1}n of IPn

the reduction RED computes (τx, θy) ∈ T × Θ such that IPn(x, y) = 1 (mod 2) if and only
if gP (τx, θy) = 1.
Let Gx,y be the directed graph with vertex set V ∪ {r} and the edges are given by {(i, τx(i)) :
i ∈ V1} ∪ {(j, θy(j)) : j ∈ V2}. The graph Gx,y has n+ 1 sub-gadgets G1, . . . , Gn+1. Each
sub-gadget Gi (i ≤ n) has two vertices from V1 and two vertices from V2. For convenience,
the vertices from V1 are labelled as ai,1, ai,2 and the vertices from V2 are labelled as bi,1, bi,2.
The sub-gadget Gn+1 has three vertices, an+1,1, ∈ V1, bn+1,1 ∈ V2 and r. In the following
figure we depict the edge orientations of the sub-gadgets.
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Figure 1 Sub-gadgets Gi for 1 ≤ i ≤ n + 1.

In any Gi the edges are oriented in the following way. When xi = 0, τx(ai,1) = ai+1,1
and τx(ai,2) = ai+1,2. For xi = 1, τx(ai,1) = bi,1 and τx(ai,2) = bi,2.

On the other hand, when yi = 0, θy(bi,1) = ai+1,1 and θy(bi,2) = ai+1,2. When yi =
1, θy(bi,1) = ai+1,2 and θy(bi,2) = ai+1,1. In sub-gadget Gn+1, τx(an+1,1) = a1,1 and
θy(bn+1,1) = r.

▷ Claim 13. Given (x, y) ∈ {0, 1}n × {0, 1}n the reduction RED computes the graph Gx,y

such that the oriented edges form a spanning tree rooted at r if and only if ⟨x, y⟩ = 1 (mod 2).

First we give two illustrative examples of the reduction RED for n = 3 in Figure 2 and
Figure 3. In the first example the input is x = (1, 1, 1) and y = (1, 1, 1). In this case we get a
spanning tree rooted at r shown by blue edges in Figure 2. In the second example the input
is x = (0, 1, 1) and y = (1, 1, 1). In this case we get a cycle shown by the red edges in Figure
3.

Now we give the proof of the claim in details below.

Proof. If ⟨x, y⟩ = 0 (mod 2), there is a path P1 : a1,1 ⇝ an+1,1 which flips layers even
number of times and then completes a cycle via the edge an+1,1 → a1,1. Thus in such a case
there does not exist a path from a1,1 to r, ruling out a spanning tree.

On the other hand, if ⟨x, y⟩ = 1 (mod 2), there is a path P2 : a1,1 ⇝ bn+1,1 → r which flips
layers an odd number of times. For every node u ∈ Gx,y shown in the figure above that does
not lie on the path P2, observe that either there exists a path Pu : u⇝ an+1,1 → a1,1 ⇝ r or

ITCS 2022
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Figure 2 Gadget for
∑3

i=1 xiyi = 1 mod 2.

there exists a path P ′
u : u⇝ bn+1,1 → r. In either case, therefore, there exists a path from u

to r. It is simple to verify that no cycles are formed proving the existence of a spanning tree
rooted at r. ◀

Now we are ready to prove Lemma 12.

Proof. Define R = {(τx, θy) : x, y ∈ {0, 1}n × {0, 1}n} ⊆ T × Θ. Observe that, the reduction
RED forms a bijection between {0, 1}n × {0, 1}n and R. Thus a uniform distribution Un on
{0, 1}n ×{0, 1}n induces a uniform distribution on R via RED. We call the latter distribution
DP .
Consider a rectangle S = (S1 × S2) ⊆ T × Θ. We want to prove that DiscDP

(S) = 2−Ω(n).
Let S′ = S′

1 × S′
2 be a sub rectangle of S such that S′

1 = {τx|τx ∈ S1, x ∈ {0, 1}n} and
S′

2 = {θy|θy ∈ S2, y ∈ {0, 1}n}. Observe that DiscDP
(S′) = DiscDP

(S). Since RED is a
bijection between input instances of IPn and R, there exists a rectangle T ⊆ {0, 1}n ×{0, 1}n,
such that RED(T ) = S′. So, DiscDP

(S′) = DiscUn
(T ). Now using Theorem 3 we conclude

DiscDP
(S) = 2−Ω(n). ◀

5.2 The Universal Distribution for Nearly-Balanced Partitions
Lemma 12 in the earlier section shows that for any fixed perfectly balanced partition P , the
function gP has low discrepancy under the distribution DP .

However, to use these ideas in the context of lower bounds for monotone circuits, we need
to handle a more subtle situation. Recall from Theorem 2 that every product polynomial in
the decomposition of the circuit, has its own nearly-balanced partition of the first indices of
the variables. This forces us to switch quantifiers, and specify a universal distribution that
gives rise to small discrepancy for every nearly-balanced partition.
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We now consider a graph with a fixed set W of vertices with |W | = n′ = c · n where c is
an appropriate constant to be fixed later in the analysis. The universal distribution ∆ is
supported on a subset of the set Γ = {ν|ν : W\{1} → W}.

Now we define the universal distribution ∆ on an appropriate subset of Γ by the following
sampling process.

Sampling process for ∆
1. Sample a random permutation π : W → W such that π(1) = 1
2. Sample (x, y) ∈ {0, 1}n × {0, 1}n uniformly at random. Construct Gx,y as defined in the

previous section 5.1 by applying the reduction RED on (x, y).
3. Embed an isomorphic copy of Gx,y on the set of vertices π(1), . . . π(4n + 3) using the

following vertex map E : V (Gx,y) → W

a. For 0 ≤ j ≤ n set E(aj+1,1) = π(4j+ 2), E(aj+1,2) = π(4j+ 3), E(bj+1,1) = π(4j+ 4)
and E(bj+1,2) = π(4j + 5).

b. Set E(an+1,1) = π(4n+ 2), E(bn+1,1) = π(4n+ 3), E(r) = π(1).
4. Connect the remaining vertices of W that is π(4n+ 4), . . . π(n′) to E(r) = π(1).

Let the vertices of W be partitioned into nearly-balanced sets WA ∪WB , where WA (WB)
is with Alice (Bob). Given a map from Γ, it induces two functions τ, θ : WA,WB → W which
will be given to Alice and Bob respectively.

The main result that we show is the following lemma which is the more precise re-statement
of Lemma 1.

▶ Lemma 14. Under the distribution ∆ ∼ Γ, the discrepancy of gP is 2−Ω(n) for every
nearly-balanced partition P . More precisely, Disc∆(CSTn′ ) is at most 2−Ωc(n), where n′ = cn

for a constant c.
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5.3 Discrepancy Under the Universal Distribution
We need a notion of honouring a sub-gadget under a permutation π.

▶ Definition 15. In Gx,y each sub-gadget Gi(1 ≤ i ≤ n) has two pairs of vertices {ai,1, ai,2}
and {bi,1, bi,2}. For any given nearly-balanced partition P of W , we say a permutation π

honours the sub-gadget Gi if for every j, E(ai,j) = π(k) ∈ WA and E(bi,j) = π(l) ∈ WB for
some k, l ∈ [n′]\{1}.

For a suitable α ∈ (0, 1) which we fix later, we say that π is good for a partition P if π
honours at least αn sub-gadgets Gi for 1 ≤ i ≤ n. Otherwise, we say that π is bad. We
prove a simple lemma showing that the random map π is bad with low probability.

▶ Lemma 16. Let P be any nearly balanced partition. Then, for suitably chosen constants α
and c,

Pr[π is bad] ≤ 2−Ω(n).

Proof. Let P = WA ∪WB and |WA| = k, |WB | = t. Let π be any random permutation such
that π(1) = 1. We give a simple lower bound on the probability of π honouring sub-gadget
Gi conditioned on the vertices of the first i− 1 sub-gadgets being mapped to an arbitrary
set of vertices in W . More precisely, for 1 ≤ j < i and 2 ≤ r ≤ 5, let wj,r ∈ W be arbitrary
vertices. Then,

Pr
[
π honours Gi

∣∣∣∣π(4(j − 1) + r
)

= wj,r, 1 ≤ j < i, 2 ≤ r ≤ 5
]

≥

((
k−4(i−1)

2
)(

t−4(i−1)
2

)(
n′−1−4(i−1)

4
) )

Using standard upper and lower bound estimates for binomial coefficients, and the fact that
k, t ≥ n′/3, we can easily check that the RHS above is at least some constant β > 0 for an
appropriate choice of c.

Thus, for any choice of i1, . . . , i(1−α)n ∈ [n],

Pr
[ ℓ=(1−α)n∧

ℓ=1
π dishonours Giℓ

]
≤
(
1 − β

)(1−α)n

Using the union bound, the probability that π dishonours at least (1 − α)n sub-gadgets
is at most

(
n

(1 − α)n

)
(1 − β)(1−α)n.

Write (1 − β) = 2−δ for some δ > 0. Applying the standard estimate
(

n
k

)
= 2H( k

n )n,(
n

(1 − α)n

)
(1 − β)(1−α)n ≤ 2nH(1−α) · 2−δ(1−α)n.

By fixing a suitable α such that H(1 −α) < δ(1 −α), the estimate can be upper bounded by
2−Ω(n). ◀

Now we are ready to prove Lemma 14.
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Proof. Let HP and FP be respectively the sets of good and bad permutations π with respect
to a partition P . Notice that,

Disc∆(gP ) ≤ Pr[π ∈ FP ] +
∑

π∈HP

Pr[π] · Disc∆|π
(gP ).

By Lemma 16, the first term is bounded by 2−Ω(n). We now show how to bound the second
term Disc∆|π

(gP ) for any π ∈ HP . Let Badπ (Goodπ) be the set of indices i such that
the sub-gadgets Gi are not honoured (honoured) by π. Now for any arbitrary partition

P of W into WA,WB define the set TP = {ψ|WA

∣∣∣∣ψ ∈ Supp(∆), ψ|WA
: WA → W}

(ΘP = {ψ|WB

∣∣∣∣ψ ∈ Supp(∆), ψ|WB
: WB → W}).

When we sample a map according to distribution ∆, the induced maps from TP (ΘP )
may depend on both x, y ∈ {0, 1}n for an arbitrary partition P . Hence we denote these
random induced maps by τ(x,y), θ(x,y). However the following is simple to verify.
▶ Remark 17. For a vertex u ∈ WA (v ∈ WB) if π−1(u) = E(ai,j) (π−1(v) = E(bi,j)) for
some i, j, τ(u) (θ(v)) only depends on xi (yi).

For a partition P , define ZP to be a function from TP × ΘP → {1,−1} such that

ZP (τ, θ) =
{

1 when gP (τ, θ) = 0
−1 when gP (τ, θ) = 1

For π ∈ HP we bound the following value, Disc∆|π
(ZP , SP ) where SP is an arbitrary

rectangle in TP × ΘP . Here for sake of simplicity we abuse the notation SP and denote it as
a characteristic function for the rectangle SP . Notice that

Disc∆|π
(ZP , SP ) =

∣∣∣∣E(x,y)∼Un

[
ZP (τ(x,y), θ(x,y)) · SP (τ(x,y), θ(x,y))

]∣∣∣∣.
The above is same as∣∣∣∣E(u1,v1)∼U|Badπ|,(u2,v2)∼U|Goodπ|

[
Z ′

P (u1, u2, v1, v2) · S′
P (u1, u2, v1, v2)

]∣∣∣∣,
where Z ′

P = ZP (τ(u1◦u2,v1◦v2), θ(u1◦u2,v1◦v2)) and S′
P = SP (τ(u1◦u2,v1◦v2), θ((u1◦u2,v1◦v2)). For

a good map π ∈ HP , let VGoodπ
be the set of vertices from the sub-gadgets Gi that are

honoured by π, i.e. VGoodπ
=
⋃

i∈Goodπ
V (Gi).

Fixing any u1, v1 ∈ {0, 1}Badπ , we denote the restricted map τ(u1◦u2,v1◦v2) ∈ TP as

τ
(u1,v1)
(u2,v2) : WA ∩ E(VGoodπ

) → W.

Using Remark 17 we observe that, for any vertex p ∈ WA ∩ E(VGoodπ
), τ (u1,v1)

(u2,v2) (p) only
depends on variables from u2. Similarly after fixing u1, v1 ∈ {0, 1}Badπ we denote the
restricted map θ(u1◦u2,v1◦v2) as

θ
(u1,v1)
(u2,v2) : WB ∩ E(VGoodπ

) → W.

Observe that for any vertex q ∈ WB ∩E(VGoodπ
), θ(u1,v1)

(u2,v2)(q) only depends on variables from
v2.
Let S(u1,v1)

P be the rectangle in T(u1,v1)
P × Θ(u1,v1)

P where

T(u1,v1)
P := {τ (u1,v1)

(u2,v2)

∣∣∣∣ τ(u1◦u2,v1◦v2) ∈ TP }
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and

Θ(u1,v1)
P := {θ(u1,v1)

(u2,v2)

∣∣∣∣ θ(u1◦u2,v1◦v2) ∈ ΘP }.

For simplicity, we denote maps from T(u1,v1)
P and Θ(u2,v2)

P as τ ′
(u2), θ

′
(v2). Now in Equation

(3) the inner expectation becomes following,

E(u2,v2)∼U|Goodπ|

[
Z

(u1,v1)
P (τ ′

(u2), θ
′
(v2)) · S(u1,v1)

P (τ ′
(u2), θ

′
(v2))

]
Say the above expression is Du1,v1 . Let us define a rectangle R(u1,v1) in the space
{0, 1}Goodπ × {0, 1}Goodπ by setting R(u1,v1)(u2, v2) = S

(u1,v1)
P (τ ′

(u2), θ
′
(v2)).

The definition of the maps τ, θ using RED implies that Z(u1,v1)
P is either IP| Goodπ | or

IP| Goodπ |. Without loss of generality, assume it computes IP| Goodπ |. Then,

Du1,v1 = E(u2,v2)∼U
| Goodπ |

[
IP| Goodπ |(u2, v2) ·R(u1,v1)(u2, v2)

]
.

Therefore,

|Du1,v1 | ≤ DiscU
| Goodπ |

(IP| Goodπ |(u2, v2)) ≤ 2−

∣∣Goodπ

∣∣
2 ,

where the third inequality follows from Theorem 3. Hence,∣∣∣∣E(u1,v1)∼U|Badπ|

[
Du1,v1

]∣∣∣∣ ≤ E(u1,v1)∼U|Badπ|

∣∣∣∣[Du1,v1

]∣∣∣∣ ≤ 2
−
∣∣Goodπ

∣∣
2 . (3)

Since | Goodπ | = αn, we conclude that Disc∆|π
(ZP ) = Disc∆|π

(gP ) = 2−Ω(n). ◀

6 ϵ-Sensitive Lower Bound for Spanning Tree Polynomial

Let us recall Theorem 1.2 that we prove next.

▶ Theorem 1.2. There exists a constant η > 0 such that both the polynomials Fn−1,n −ϵ ·STn

and Fn−1,n + ϵ · STn have monotone circuit complexity 2Ω(n) provided ϵ ≥ 2−ηn, where STn

is the spanning tree polynomial defined over the complete graph of n vertices.

Proof. First we recall the spanning tree polynomial for complete graph G on n vertices
{1, 2, . . . , n}, where every monomial corresponds to a spanning tree in G rooted at vertex 1,
i.e.

STn(G̃) =
∑

ν∈Tn

x2,ν(2)x3,ν(3) · · ·xn,ν(n),

where Tn = {ν : {2, 3, . . . , n} 7→ {1, 2, . . . , n} | ∀i ∃k νk(i) = 1 ; ∀i (i, ν(i)) ∈ E(G̃)} and
recall from Section 1 that G̃ is the graph obtained from G which has edges in both directions
for each undirected edge in G. We want to invoke the Discrepancy-Sensitivity Correspondence
theorem (Theorem 1.3) by using Lemma 14 to finish the proof of our Theorem 1.2. Towards
this effect set f in Theorem 1.3 as STn. Using Lemma 14 we observe that Disc∆(Cf ) = 2−η0·n

for some constant η0 > 0 where ∆ is the universal distribution defined in Lemma 14. This
we denote as γ. It is simple to verify that choosing ϵ = 2− η0

10 ·n satisfies the condition in
Theorem 1.3, i.e. ϵ ≥ 6γ

1−3γ .
Now using Theorem 1.3 we conclude that the monotone complexity of Fn−1,n − ϵ · STn is at
least ϵ

3γ = 2Ω(n). By analogous argument the monotone complexity of Fn−1,n + ϵ · STn is
also at least 2Ω(n). ◀
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7 Open Problems

Our work raises several questions for further investigation. We outline some of them below:
It will be very interesting to find a family of explicit polynomials in VP which can be
computed by polynomial-size formulas but the monotone circuit complexity is strongly
exponential in the number of variables. The known VP upper bound for the family of
spanning tree polynomials only provides polynomial-size algebraic branching programs.
Since the upper bound result uses Matrix Tree Theorem involving non-trivial determinant
computation, it seems unlikely that in general a family of spanning tree polynomials can
be computed by polynomial-size formulas. The known simulation of algebraic branching
programs by formulas gives only quasi-polynomial formula size upper bound. One of the
main results in [2] does exhibit a family of explicit polynomials computed by depth-three
arithmetic formulas whose monotone circuit complexity is exponential. However, the
lower bound is not strongly exponential in the number of variables.
Another concrete open problem is to improve the result of Theorem 1.2 quantitatively.
Since the family of spanning tree polynomials STn defined over the complete graphs have
(n− 1)n variables, the ϵ-sensitive lower bound is not strongly exponential in the number
of variables. A natural goal is to obtain strongly exponential ϵ-sensitive monotone lower
bounds. This will subsume both Theorems 1.1 and 1.2 of this work.
How sensitive is the following monotone polynomial : Fn,n − ϵ · detn,n, where detn,n is the
determinant polynomial for the n× n symbolic matrix ? Although, we are able to prove
ϵ-sensitive lower bound for the spanning tree polynomial (whose efficient computation
involves determinant), we are unable to prove such a result for the determinant polynomial
itself. To understand the difficulty for proving robust/sensitive lower bounds for the
determinant, consider the following natural communication problem: Alice gets a map
τ : {1, . . . , n/2} → [n] and Bob θ : {n/2 + 1, . . . , n} → [n]. They have to decide if τ, θ
together form a permutation of [n]. It is simple to verify that this communication problem
shows up when one tries to prove ϵ-sensitive lower bounds for either the determinant or the
permanent via our discrepancy-sensitivity correspondence. However, this communication
problem has even an efficient bounded-error randomized protocol, ruling out the direct
use of our current technique. Our work thus throws interesting challenge to prove such
robust monotone lower bounds for either the determinant or the permanent.
Another very interesting question is to understand the usefulness of discrepancy based
techniques or complexity measures against general (set-)multilinear circuits. Is there a
polynomial efficiently computed by a (set-)multilinear circuit that has large ϵ-sensitive
monotone complexity? Spanning tree polynomials are not known have efficient (set-
)multilinear circuits. The answer to this question seems difficult to guess. It is worth
noting that until recently no super-polynomial separation between the powers of multilinear
and ordinary monotone computations were known. Such a separation was just achieved
recently by [2]. This separation used a corruption based argument that is not known to
yield ϵ-sensitive lower bounds.

We conclude with the following (rather optimistic) conjecture.

▶ Conjecture 18 (Discrepancy Conjecture). Let f be a 0-1 coefficient set-multilinear polynomial
over the variable set X = {xi,j}1≤i≤n,1≤j≤m where m = Θ(n), and f is computable by a
set-multilienar circuit of size s(n). Then there exists a constant α > 0 such that for every
(universal) distribution ∆ over the space of monomials: Disc∆(Cf ) ≥ 1

2(log s(n))α .
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Recall from Lemma 14, for the spanning tree polynomial Disc∆(CSTn) is 2−Ω(n). However,
the polynomial-size branching program construction for the spanning tree polynomial involves
non-trivial cancellations via determinant which is not a set-multilinear computation.
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