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Abstract
There has long been interest in the skeleton of a spatial object in GIScience. The reasons for this
are many, as it has proven to be an extremely useful summary and explanatory representation
of complex objects. While much research has focused on issues of computational complexity and
efficiency in extracting the skeletal and medial axis representations as well as interpreting the
final product, little attention has been paid to fundamental assumptions about the underlying
object. This paper discusses the implied assumption of homogeneity associated with methods
for deriving a skeleton. Further, it is demonstrated that addressing heterogeneity complicates
both the interpretation and identification of a meaningful skeleton. The heterogeneous skeleton
is introduced and formalized, along with a method for its identification. Application results are
presented to illustrate the heterogeneous skeleton and provides comparative contrast to homo-
geneity assumptions.
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1 Introduction

An area, polygon and/or region is often the byproduct of political, administrative or man-
agement delineation, but such an object can also be used to represent in situ phenomena
and attributes. Irrespective of its origin, summary, explanation and characterization of the
spatial extent of an area-based object can be very important. One approach for summary
representation has been through the use of the skeleton, or medial axis among other names.
Okabe et al. [16] note the ability of the skeleton to characterize the shape of a polygon. In
cartography, the skeleton may be used for effective label placement, contributing to visual
appeal and enhanced communication of a display and/or map. Bruck et al. [5] and Matisziw
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Figure 1 Skeleton for a rectangle region.

Figure 2 Heterogeneous attribute for the rectangle region.

and Murray [14] have demonstrated important spatial properties of the skeleton, as have
others.

The skeleton is a line-based object that is represented by the locus of all points equidistant
to at least two nearest locations on the polygon boundary it describes. Figure 1 depicts the
skeleton (colored blue) for a rectangle region (colored black). Interestingly, definition of the
skeleton has focused only on the polygon boundary, devoid of any other spatial attributes.
In particular, one might consider an attribute distributed within a polygon as an important
influencing factor, if such information is available. It may be that only the total value of an
attribute for a polygon is known, and not its actual spatial distribution within the polygon.
We know the total attribute value within the rectangle region in Figure 1 to be 58,217.
Clearly in such a case, the standard definition based on polygon boundary makes sense.
However, if the spatial attribute distribution within a polygon is indeed known, then this
should influence the shape of the skeleton if it is to reflect both boundary and attribute
information. Figure 2 depicts the spatial variability of the attribute in the rectangle region
(Figure 1), where darker colors correspond to higher attribute values (greater population).
The 58,217 people in this region are not uniformly distributed, but rather are non-uniform,
with a high of 40 people in the left top corner cell and a low of one in right bottom corner
cell. One can characterize the skeleton based only on polygon boundary as homogeneous,
whereas a skeleton based on boundary and spatially varying attribute(s) within the polygon
would be better described as heterogeneous. Figure 3 depicts the heterogeneous skeleton for
the rectangle region, accounting simultaneously for both boundary and attribute variability.

In this paper we introduce the heterogeneous skeleton to simultaneously reflect boundary
and attribute variability of a polygon. The idea is to provide enhanced summary and
characterization, taking advantage of the greatest amount of information possible. The
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Figure 3 Skeleton accounting for boundary and spatial attribute variability in rectangle region.

next section provides background on the skeleton. This is followed by technical details of
homogeneous and heterogeneous skeletons. An approach for deriving the heterogeneous
skeleton is given. Application results demonstrating the utility of the heterogeneous skeleton
are then provided. The paper ends with discussion and concluding comments.

2 Background

The skeleton was identified as an efficient model for two-dimensional closed shape representa-
tion by Blum [2], and later generalized by Millman [15] and Yodmin [23]. The skeleton was
also extended to curves defined by bi-tangent spheres known as the symmetry set [12, 3].
Assuming the exisitance of a radial function at every skeletal point, the skeleton transform is
an invertible function, in that it is possible to reconstruct a shape as the union of overlapping
bi-tangent spheres centered at skeletal points [10]. The skeleton also provides a concise repres-
entation for the interior of the shape, and as such is subject to both geometric and mechanical
operations, including interior deformations and wrappings. It also provides a basis for shape
characterization at multiple spatial scales, enabling efficient geometric processing. In terms
of applications, the skeleton has played critical roles in GIScience, including topography,
cartography, analytics and network modeling. For example, the structure of watersheds
can be characterized by a “flooding” propagation from sources that are constrained by
surface topography. This flooding operator is similar to Blum’s grassfire operator and is
estimated using a similar computational approach [20]. In digital modeling, the skeleton has
been used for extracting and characterizing elongated geographic structures, such as roads
and rivers [1]. In cartography and mapping skeletons have been used to estimate tightly
coupled level heights of contour curves to regenerate terrain models [13], but also for label
placement/layout. In sensor network optimization, planning the routing for static nodes in a
geometric space is a critical problem [11]. Bruck et al. [5] used skeletons to optimize routing.
Matisziw and Murray [14] showed that the skeleton represents locations in continuous space
having the most desirable siting properties. The skeletal representation has also been used
in the context of two- and three-dimensional shape representation and recognition [13, 19].
For these problems, the skeletal representation is computed directly for the object boundary
curves or surfaces and contains the topological information about shape in terms of the local
descriptors, which are held at each node in the skeletal representation [9]. These local shape
descriptors contain information to aid shape retrieval, matching, and analysis [7, 18].

The (homogeneous) skeleton represents a line-based object center, and was characterized
above as being the locus of all points equidistant to at least two nearest locations on the
polygon boundary. Consider the polygon shown in Figure 4. The challenge is to identify
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Figure 4 A polygon-based region, Φ.

a line-based object that is a summary of this polygon. The skeleton represents one such
approach.

A set theoretic model for the skeleton can be structured. Assume we have a simple
polygon object, Φ. Further, this polygon can be converted to its polyline representation, ϕ.
Both objects are now used in the characterization of the skeleton:

S =
{
p ∈ R2|∀r ∈ R,

(
δ(p, r) ⊂ Φ

)
∧
(
|δ(p, r) ∩ ϕ| ≥ 2

)}
(1)

where p is a point in two-dimensional space, r is a distance (Euclidean), and δ(p, r) is a
polyline object (circle) of distance r from point p. The skeleton results from an infinite
collection of instances of p and r, where δ(p, r) is contained in Φ and δ(p, r) intersects ϕ in
two or more tangent points. Further discussion of the skeleton can be found in Okabe et al.
[16] and Matisziw and Murray [14].

Given this formal specification of the skeleton, it may be derived using a number of
methods. There are different approaches that have been well documented for skeleton
extraction of two- and three-dimensional objects. They can be grouped into three major
categories based on their principles and object representation:
1. Voronoi - Algorithms based on the Voronoi diagram or continuous geometric approaches

of point clouds, polygonal, or polyhedral representations of object boundaries. Based
on properties of the Voronoi diagram, Voronoi edges or planes can be used to construct
symmetry structures, or the skeleton.

2. Thinning - Algorithms that rely on the continuous evolution of object boundaries. For
example, the object boundary is shrunk with the spread of fire starting at the boundary,
the so called grassfire algorithm. The skeleton is formed at the location of singularities,
referred to as the “quench points” where fires from different parts of the boundary meet.

3. Distance transformation - Algorithms using the principle of digital morphological erosion
or location of singularities, e.g., local maxima, on a digital distance transform field.

Figure 5 illustrates the associated skeleton for polygon Φ shown in Figure 4. As noted
previously, the skeleton is the byproduct of evaluation that considers only polygon boundary.
As a result, there are no attribute oriented influences in the structure of the skeleton.



A.T. Murray, X. Feng, and A. Shokoufandeh 12:5

Figure 5 Homogeneous skeleton of polygon Φ.

3 Heterogeneous Skeleton

A polygon region that has associated attribute detail about variability within it represents
a rich source of information. While a standard assumption is to assume that a polygon
attribute is uniformly distributed across the area it delineates, when ancillary information
exists regarding the actual spatial distribution of an attribute, this is particularly valuable.
The skeleton, S, defined using (1) assumes homogeneity and is derived solely on the basis of
polygon boundary ϕ. Yet, more may be known about attribute variability, and this has the
potential to provide greater spatial richness to a line-based summary. As an example, Figure
6 indicates population density for the study region. Darker shades indicate higher population
density, and it is clearly not uniform across the polygon. Extending the skeleton/medial
axis to account for both geographic boundary as well as heterogeneity in the distribution of
attributes across Φ is important.
This means then that one must be able to explain and account for attribute variability. In
continuous space the function g() defines the attribute value for any point q ∈ R2.

Using set theory notation, we introduce the heterogeneous skeleton as:

W =
{
ρ? ∈ R2

∣∣∣ ∀p ∈ R2, r ∈ R,
(
δ(p, r) ⊂ Φ

)
∧
(
|δ(p, r)| ∩ ϕ ≥ 2

)
∧min

ρ?

∫∫
q∈δ(p,r)

g(q)γ(ρ?, q)dq
}

(2)

where γ(ρ?, q) is the distance between ρ? and q. Building on the homogeneous skeleton, S,
definition in (1), the heterogeneous skeleton in (2) adds the additional condition that the
inscribed circle, δ(p, r), serves as an object for which the best representative point is sought.
This representative point then helps to define the proposed skeleton variant.

The subproblem communicated in (2) is:

min
ρ?

∫∫
q∈δ(p,r)

g(q)γ(ρ?, q)dq (3)
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Figure 6 The attribute variability within region Φ.

This is actually a continuous space optimization problem (see Church and Murray [6]). A
discrete variant of (3) is what Rogerson [17] and others refer to as the weighted median center.
With demand in δ(p, r) distributed according to the function g(), the distance γ(ρ?, q) from
point q to the optimal median center ρ? reflects the weighted distance. That is, we seek the
optimal ρ? for each inscribed circle, δ(p, r), such that the total weighted (attribute) distance
is minimized. It therefore is the most efficient or most representative center point for δ(p, r).
The collection of optimal ρ? for all points p ∈ R2 satisfying (2) results in the heterogeneous
skeleton.

Often the attribute function g() is approximated in some way (Yao and Murray [22]),
where δ(p, r) is delineated into smaller reporting units or cells. The index i, i ∈ {1, . . . , n},
is used to refer to discrete points/units in δ(p, r), where (xi, yi) are the coordinates of unit
i. Naturally, gi represents the observed attribute value for unit i. If the coordinates of ρ?
are (X,Y ), then these are the subproblem decision variables. The weighted median center is
therefore the following problem:

min
(X,Y )

n∑
i=1

gi
√

(xi −X)2 + (yi − Y )2 (4)

The distance function, γ(), in this case is the Euclidean metric. As noted in Wesolowsky [21]
and Church and Murray [6], (4) is nothing other than the Weber problem and can be solved
using the Weizfeld algorithm.

With the problem description and details, an approach to solve (2) is possible. Pseudo
code for the solution process is as follows:

Effectively, the proposed approach must first identify each inscribed circle, as done for S
in (1). However, the point to include on the heterogeneous skeleton, denoted as W in (2), is
defined based upon the weighted median center criteria, (4). Depending on the structure of
polygon Φ, as the number of ρ? defining W increases, the associated heterogeneous skeleton
results.
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Algorithm 1 Overview of heterogeneous skeleton derivation.
for δ(p, r) in Φ do

δ(p, r) ⊂ Φ
|δ(p, r) ∩ φ| ≥ 2
Find ρ?, or rather (X,Y ) using (4)

end for

Figure 7 Heterogeneous skeleton (boundary and attribute variability).

4 Results

The models were implemented in the Python platform using arcpy, pysal and sympy libraries,
amoung others, on a Windows 10 Enterprise server with an Intel Xeon E5-2650 v3 (2.3GHz)
64 bit CPU and 64 GB of RAM. ArcGIS was utilized for data creation, management,
manipulation, analysis, and visualization. Reported findings required only seconds or minutes
to derive.

The heterogeneous skeleton is shown in Figure 7 for the study region (Figures 4 and
6). In comparision to the homogeneous skeleton (Figure 5), there is much variability in the
line-based object in terms of precisely where the skeletal line segments are located. The reason
for this is highlighted in Figure 8, where an inscribed circle is depicted, δ(p, r) and helps
to form the derived skeleton. The unweighted median center is shown using the symbol •.
This is the feature which is used to define the homogeneous skeleton, S, in equation (1). In
contrast, the weighted median center, (4), is shown using the symbol ?. That is what is being
used to define the heterogeneous skeleton, W , in equation (2). Accordingly, the two skeletons
are different based upon their resulting line segments. This happens because of the added
influence of attribute and its spatial variability, i.e., the higher population density areas are
effectively pulling the skeleton to create a shape and location that is more representative of
the distribution of the underlying attribute.

One final question to consider is how distinct the heterogeneous and the classic homogen-
eous skeletons are. While visual inspection and comparison highlights significant differences,
aspects of quantification are possible. One distinction can be made in terms of how far apart
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Figure 8 Inscribed circle with associated attribute variability.

the unweighted and weighted median center are from each oth0er for each inscribed circle
used in defining the skeleton. In this case, the distance between the homogeneous center and
the corresponding heterogeneous center ranges from 3.43 to 3,593.07 ft in this case. The
mean distance is 1220.54 ft, with a standard deviation 939.55 ft. As the region is nearly 100
square miles, such differences are highly significant.

5 Discussion and Conclusions

There are a number of issues worth further investigation associated with the heterogeneous
skeleton. First, a polygon may have many possible associated heterogeneous skeletons, one
for each one of its attributes. For example, if there are m attributes referenced using j ∈
{1, . . . ,m}, then any unit i would have m unique attribute values gij . As a result, depending
on the spatial variability of the attribute, one could anticipate m unique heterogeneous
skeletons that reflect attribute variation along with the influence of boundary footprint.
Figure 9 illustrates a second attribute for polygon Φ, with a decidedly different pattern of
spatial variability. Figure 10 indicates the associated skeleton in this case. As is evident
through visual inspection, the skeleton in Figure 10 is much different from the case where
population is considered (Figure 7). Thus, many different heterogeneous skeletons may be
possible depending on associated spaital attributes.

The derivation of the heterogeneous skeleton detailed here was based on the notion of
inscribed circles, δ(p, r). Here, the main motivation was to maintain a connection to the
original construction of skeletal representation. This also ensures that one can account for
boundary and attribute variability. While this is theoretically sound, other definitions of
the heterogeneous skeleton too may be appropriate and meaningful. It is conceivable that
approaches based on modified diffrential grassfire operators or distance transform may be
mathematically intuitive or computationally more efficient [8, 4].

The paper introduced the heterogeneous skeleton to help simultaneously characterize
boundary and attribute variability of a polygon-based region. The classic definition of a
skeleton was reviewed, highlighting the focus on the defining boundary only. Taking into
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Figure 9 Second regional attribute.

Figure 10 Second regional attribute.

account attribute information in the formalization of the skeleton has many potential benefits
given the wide array of already established application areas. In particular, the heterogeneous
skeleton represents an approach for summarizing multi-dimensional information that includes
both spatial detail as well as locational attributes. The work here represents an initial
attempt to define and derive the heterogeneous skeleton.
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