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Discrete Mathematics in the High School n=p{*ps>---pft, wherep, < ps < --- < p; are prime

Curriculum. numbers and; > 1.

lan Anderson, Glasgow (United Kingdom)

Bram van Asch, Eindhoven (The Netherlands) This theorem states that a factorization exists, but it does
Jack van Lint, Eindhoven (The Netherlands) not tell you how to find it. For large numbers that is a

very hard problem. The safety of a very widely used

Abstract: In this paper we present some topics from the field CTyPtographic system, the so called RSA system, de-
of discrete mathematics which might be suitable for the high P€nds on this fact. But once you have found a factoriza-
school curriculum. These topics yield both easy to understand tion of @& numben, it can be used for various purposes.
challenging problems and important applications of discrete

ma_thematics. We chogse elements from number theory andExampIe 1

various aspects of coding theory. Many examples and prob-

_ This factorization enables us to determine in a systematic
lems are included.

way all divisors ofn: every divisor is of the forml =
Kurzreferat: In diesem Artikel stellen wir einige Themen vor, p?lpgz ~-pf§t with 0 < b; < a;. The number of divisors is
die sich unserer Meinung nachrfden Mathematikunterricht ~ therefore given bya; + 1) (a2 + 1) - - - (a; + 1) . What
der Sekundarstufe eignen. Diese Themen vermitteln sowohl le-iS the number of divisors ¢f0! ?

icht verstindliche, anspruchsvolle Probleme als auch Einsicht

in wichtige Anwendungen der Diskreten Mathematik. Wir Example 2 . .

haben Themen aus der Zahlentheorie und verschiedene AS_Greatest common divisor and least common multiple can

o : o woas o a
pekte der Kodierungstheorie ausgavt. Der Artikel entkalt be descbrllblid ina %'tmpl_e way:if = pf'py p* and
viele Beispiele und Aufgaben. m = py'py’ - pity With a; > 0 -andb; > 0, then

ged(m,n) = pitps? -+ pit and lem(m, n) = p‘flpgz o
ZDM-Classification: E74, F64, M94, P24 pjt, wherec; = min (a;, b;) andd; = max (a;, b;) .

1. Introduction Problem 1

In the high school mathematics curriculum one usually Prove that any real number of the forpp, wherep is a
finds subjects like algebra, geometry, differential and Prime number, is irrational.

integral calculus, statistics. Mostly students learn

algorithms for performing calculations and solving Problem2 o o
equations. Quite often they do not understand what they” POSitive integer is said to be perfect if: is equal
are doing, and doing mathematics is often consideredt© the sum of 'aII its positive divisors, excludimgitself.

to be very dull. There is no challenge in the given _Formstanceﬁ is the smallest perfect m_meer. Show that
tasks. The important aspect of mathematics of proving If the number2® —1 happens to be a prime number, then
statements is mostly forgotten. Using geometry to give the numben = 281 (2% — 1) is a perfect number.

them some feeling about the notion of proof is usually
only successful for the more gifted students. Maybe

the field of discrete mathematics can offer other, more The factorizati f itive int b dtod
challenging and accessible problems to get high school € Tactorization of positive Integers can be used 1o de-
ermine the greatest common divisor. A much more effi-

students interested in mathematics. We shall describet_ i s th lled Euclid lorithm. based
some possibilities in that direction. cientway IS the so-cafled Euclidean algorithm, based on

the following theorem.

2.2 Greatest common divisor

Theorem 2
2. Elementary Number Theory Given integers. andb, with b > 0, there exist unique

The notion of positive integers is familiar to children jntegers; andr such thaty = gb + r ando < r < b.
from a very early age on. And in number theory there N

are many problems that ask for problem solving strate- Example 3
gies and proofs. In each of the following sections there Now we describe the Euclidean algorithm. Suppose in-
is a central theorem, definition or strategy, and in the ex- tegersa > b > 0 are given. Then there are integess

amples applications are discussed. andr; such that

2.1 Divisibility a=qb+ry, 0<r <b

The central part of this section is the unique factorization '

theorem P q If 74 = 0thenb = ged(a, b). If 1 # 0, then we can find
' integersg, andr, such that

Theorem 1

Every integem > 1 can be written in a unique way as b=gqor1 +12, 0< 1y <1y,
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If ro = 0, then we stop, otherwise we proceed as before equationyz + 3)x + yz = 207 andz + y = 15, which

to obtaings andrs such that can be reduced @ + 15z = 207, orx + 5z = 69. This
equation has infinitely many integral solutions, which
r1=qar2 +r3, 0 <73 <71 can be determined in the way described above. Only

those values of with 7 < = < 15 furnish solutions to
the original problem. In fact there are two solutions to
this particular problem.

At some stage a zero remainder appears, say
Tn—2 = gnTn—1 +7ry and Tn—1 = Qqn4+1Tn-

It is easy to check thatcd(a,b) = r,: by going back

we see that,, is a common divisor of, andb, and by 2.3 Calculations modulon

going down again we see that any common divisos of  If you multiply two integersa andb, it is very easy to
andb also divides-,,. determine the last digit of this product: multiply the last
This is a very efficient way to compute the greatest com- digits of a andb and take the last digit of this product.
mon divisor of two integers. From the system of equa- In fact we are looking at the remainders on dividing
tions it also follows thaged(a,b) can be written as a b andab by 10. If we are interested in the last two dig-

combination ofa andb: its we can follow the same procedure by looking at the
remainders on dividing by 100. Instead of 10 or 100 we
ged(a, b) = pa + qb can take any positive integer and this leads to the notion

of congruence modulo an integer.

for some integerp andq. Starting with the nexttolast | ot,, > 1 pe a fixed positive integer.

equation we write

Definition 1

Two integers: andb are said to be congruent modulp
Now solve the preceding equation in the algorithm for Symbolized by, = b (mod n), if n dividesa — b.

rn,—1 and substitute to obtain, as a combination of

rn_o andr,_s. Continuing in this way through the ) )
system of equations we finally reach a stage where 1he following properties of congruence moduloare

Tn =Tn—2 — dnTn—-1-

ged(a,b) = r, is expressed as a combinationacdndb. easy to verify.
Example 4 Properties 1
In particular,ged(a, b) = 1 if and only if there are inte- () a=a (mod n),

ersp andq such thapa + gb = 1.
gersp 1 SR (i) ifa="b (mod n), thenb = a (mod n),

Example 5

We consider the equation: + by = ¢, whereq, b and

c are integers, and we are looking for integral solutions
for z andy. Itis clear that such solutions exist if and
only if ged(a,b) dividesc. In that case we can easily
write down all solutions in parametric form. First, using
the Euclidean algorithm, we determine integg@sndqg (v) if a = b (mod n) ande = d (mod n), thena +
such thapa + ¢b = ged(a, b). If we putzy = < c=b+d (mod n) andac = bd (mod n),

(iii) if a =b (mod n) andb = ¢ (mod n), thena = ¢
(mod n),

(iv) if a = b (mod n), thena + ¢ = b+ ¢ (mod n)
andac = be (mod n),

ged(a, b)
andyy = ﬁ, then (xg,yo) is a solution. And (vi) if a =b (mod n), thena® = b* (mod n) for any
once we have found a particular soluti@ty, o) it is not integerk > 0.
hard to see that we get all integral solutions by putting
bt at
= —— y=yo— ———, Wheretis an i i
T =29+ ecd(@b)’ Y =1 ecd(a, ) These properties can be used to perform straightforward

arbitrary integer calculations. For instance:

There are many problems that involve equations of this
kind.

They arise for instance in puzzles of the following kind.
A customer bought 15 pieces of fruit, oranges and ba-
nanas for $ 2.07. An orange costs 3 cents more than a (jjy what are the last two digits of the number- 2! +
banana, and more oranges than bananas were purchased. ... 100! ?

How many pieces of each kind were purchased? By

putting = for the number of orangeg, for the number (i) Show that the numbéi3%% +103°3 is divisible by
of bananas and for the price of a banana, we get the 13.

Problem 3
(i) Find the remainder whe20?°%3 is divided by?.
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Example 6

If gcd(a,n) = 1, then we can finds and¢ such that
sa +tn = 1. Thereforesa = 1 (mod n). In this case
the equatioruz = b (mod n) behaves in the same way
as the ordinary equatioi: = b over the real numbers:
multiply by s ( the inverse ofi modulon), and we find
exactly one solution = sb (mod n). If ged(a,n) > 1,
then the situation is essentially different: there may be ng ¢
solutions at all, or there may be more than one solution.
A special case occursif = p is a prime. Then we have
ged(a,p) = 1 for all a such that is not congruent td) a

modulop. In that case the equatian: = b (mod p) has

a unique solution modulp for all b. In particular there  Here is a simple proof of the Pythagorean Theorem:
is an inverse ofi modulop for all sucha. When we are  (a + b)? = ¢? + 2ab,

solving equations the system of integers with addition from which it follows immediately that? + b = ¢2.
and multiplication modulo a prime numbgibehaves in

many ways in the same way as the systems of rational orj, this section we are interested in integral solutions of

real numbers. the Pythagorean equation. The most well-known exam-
pleisa = 3, b = 4 andc = 5. We give the following
definition.

Example 7

The non-existence of solutions in integers of certain pDefinition 2
equations can sometimes be proved using congruencesa triple (x, v, z) of integers is called a Pythagorean triple

For example the equatios:? + 14 = y? and 723 + if 22 +y? = 22,
5 = 4 have no integral solutionsy?> = 2 (mod 3)
resp. > = 5 (mod 7) are impossible. And if, = 3

(mod 4) then there are no integral andy such that  Itis obvious that if(z, y, 2) is a Pythagorean triple, then

2% +y? = n; for suchn there are no lattice points onthe  so is(tz, ty, tz) for all integerst. And if two of z, y and

circlez? + y? = n. z have a common factor then this is a factor of the third
one too. We will show in a constructive way that there
are infinitely many Pythagorean triplés, y, z) such that

Example 8 ged(z,y,z) = 1, the so calledbrimitive Pythagorean
From the congruence$0 = 1 (mod 3), 10 = 1 triples.

(mod 9) and 10 = —1 (mod 11) we get some spe-

cial divisibility tests. LetN = a,,am—1 - - - a1ag be Proposition 1

a positive integer in decimal notation, 830= a,,, 10" + There are no primitive Pythagorean triplasy, z) such
1101 o 4110 + ag. PutS =ag +a; + - - thatz is even.

“+ am_1+ampandA =ayg—a; + -+ (=1)"ay,
(alternating sum of the digits). Then we have
If z is even then bothx andy have to be odd. But

N = S (mod3) thenz? + 32 = 2 (mod 4), andz? = 0 (mod 4), so
_ 2 4+ y? # 22
N = S (mod9) ‘
N = A (mod11)
. ) Suppose now thatz, y, z) is a primitive Pythagorean
From this it follows that: triple such that: is even and; is odd. Ifz = 2k we have
. zZ—=y Z+y
N is divisible by 3 iff S is divisible by 3 (z—y)(z+y) = 42, ie. ( 5 > < 5 ) = k2
N is divisible by 9 iff S is divisible by 9 5
e .. . s .. . Yy z2+y
N is divisible by 11 iff A is divisible by 11 It is easy to see thajcd (2, 5 ) = 1 (the as-
. . . : =y z2+Yy
There are similar, although slightly more complicated Sumptionged (27 5 ) = d > 1 leads to the
tests for divisibility by 7 and 13. conclusion that is a common divisor of,, y andz). We
conclude that botr% and” ; Y have to be squares,
2.4 Pythagorean triples say% — 2 and2Y — 2. It then follows that

z =82 +12,y =t> - s? andz = 2st. Itis easy to check
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that these values far, y andz indeed yield Pythagorean
triples.

Proposition 2
All primitive Pythagorean triples with even are given

by
T = 2st
y = 2 g2
2= s 42

wheres andt are relatively prime numbers of different

parity.

2.5 Mathematical induction

A method of proof (and of definition as well), often
used when dealing with properties of positive integers,

is called mathematical induction.It can be stated for
instance in the following way.

The principle of mathematical induction

Let P(n) be some proposition for integefs > 0 and
let N > 0. To prove thatP(n) is true for alln > N
perform the following two steps.

(i) Prove thatP (V) is true,
(i) Assume thaP (k) is true for an arbitraryk > N.
Prove thatP(k + 1) is true.

Sometimes a variant of this principle of mathematical

induction is used, wheréi] is replaced by

(i )Assume thaP(j) is true for N < j < k. Prove that
P(k+ 1) is true.

Problem 4

Prove the following well-known identities using mathe-

matical induction.

() 1+2+--+n=1inn+1).

(i) 124224 +n®=Ln(n+1)(2n+1).
n+1_1

i) 1t rr? e = T
p—

Problem 5
Consider the Fibonacci sequence defined by

Fy :17F2:17F7L:FIL—1+FIL—2 forn23-

Prove:

(i) F3, Fg, Fy,--- all are even numbers

o5 (59)
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@iy L+Fo+- -+ F,=F,0—1.
(IV) F1 +F3+"'+F2n,—1 :FQn-

Problem 6
Prove that for allh > 3 the sum of the interior angles of
a convexn-gon is equal tdn — 2) - 180°.

Example 9

Consider for alln > 1 a2™ by 2™ square array. If you
remove any one square the resulting squares can be cov-
ered by L-shaped trominos. Far= 1 this is obvious.
Look at the next case, = 2. Divide the original array

into four quarters. The removed square came from one
of these quarters. This quarter can be covered. If you can
solve the problem of covering the other three quarters a
proof by induction is straightforward.

Example 10

The last example is a bit more complicated. We consider
linear binary codes, i.e. codes over the alphabet=
{0,1} with addition and multiplication modulo 2 (see
also Section 4). An interesting family of codes are the
so called first order Reed-Muller codes. They can be
defined for instance in the following way.

(i) Ro = Zo = {0,1}. ,
(i) Forn > 1 we takeR,, to be the subspace @"
whose basis consists of all vectors of the fdumu) and
(0,1), whereu is a basis vector iR,,_, andO, 1 are the

. n—1 n
all-zero and all-one vector i3~ respectively.

So for instance a basis fét; is given by

{(1,1),(0,1)}
and for R, by
{(1,1,1,1),(0,1,0,1),(0,0,1,1)}.

Here the principle of mathematical induction is used to
definethe codeR,, for all » > 0. But it can also be used
to proveproperties of these codes. In a code Weight

of a vector (i.e. the number of non-zero coordinates) is
an important notion. Using mathematical induction it is
not hard to prove that in the codg, every vector except

0 and1 has weight™ 1.

2.6 Double counting

We give a number of examples of a method that is often
used in combinatorics. It is callédouble counting”.
Generally this means that certain objects are counted in
two different ways. Since the results must be the same,
we obtain an equation. Sometimes counting is extended
to calculating a sum in two ways.

Example 11

A graphconsists of a selt” of points sometimes called
vertices and a setv of pairs fromV, callededges Of-

ten the graph is described by a picture containing the
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vertices, where a (not necessarily straight) line connectsare no triangles inG. G has the property that for any

two of the vertices if the corresponding pair is an edge. pairz, y of vertices such thafz, y} is not an edge, there

The number of edges containing a given vertex is called are exactly two other vertices b such that{a, 2} and

the degree of that vertex. We claim that the sum of all {a,y} are edges and alsfh, 2} and {b,y} are edges.

the degrees i8|E|. To see this, count the ordered pairs A square (four vertices) is an example. Prove that

(z,y), where{z, y} runs through all the edges. On the (k? + k + 2)/2. Do this as follows. Take any vertex

one hand we thus count every edge twice. On the otherLet S be the set of vertices joined ioby an edge and let

hand, the number of ordered paits y) with a fixedz T be the set of vertices that are not joinedrtdCount in

and{x, y} an edge, is the degree of two ways how many edges there are with one vertex in
S and the other irf".

Example 12

Let S1,59,...,S5, be subsets of sizk of the setV =

{1,2,...,n}. We are given that every pafz,y} of 3. Checkdigits in the supermarket

distinct elements froniV occurs in exactly two of the ~ Every day in the supermarket arithmetic modulo 10 or

k-tuples. We wish to show that every elementNnoc- 11 is used in various ways to provide check digits in the
curs in a fixed number of the k-tuples and we wish to ~ code numbers assigned to individual items on the shelves
express the value ofin n andk. and in the 16-digit numbers on credit cards. We look at

four important examples.

For the first of these, pick ahin V. Suppose it occurs

in r; of the k-tuples. How many pairgi, j} do these 3.1 The EAN system

k-tuples contain? On the other hand, we know that eachAll items on the supermarket shelves have a code num-
such pair occurs twice in all the-tuples. What is our ~ ber and barcode on them. The most common code in
conclusion? Once we know that does not depend on  Europe is the 13-digit code known as EAN 13; EAN
i we can count in two ways what the total number of stands for European Article Number, but it is now used

elements in all the setS; is. This gives us the value of ~World wide. As an example, a 500 gram packet of Kel-
b. logs cornflakes, bought in the UK, has the number

Example 13 5000127012097.

C(_Jn5|der the so-callleuizbmplete graplon 6 vertices. In The 50 at the beginning indicates a UK manufacturer or
this graph, every pair is an edge. So, there are 15 edgesdistributor The subsequent numbers up to the 9 are as-
We are told that the edges have been colored red or blue ' q b

but we are not told how this was done. We are asked to Eg:e?o%yusé Ilc;%z, ttr:ls f?noallzd? 367'?2:;;:?(2? ri]tt;[r?oille:rfm-
prove that in the graph there are at least twonochro- gsp ' 9 9

matictriangles, i.e. triples, b, ¢ such that{a, b}, {b, ¢}, S0 that
and{c,a} have the same color. Try this first without
reading on. Hard? Now we shall do some double count-
ing. We count two-coloredorks i.e. triples{a,b,c}

of vertices such that the two edgés,b} and {a,c}
have different colors. Given a vertex how many two-
colored forks can have as the central vertex? So, the s divisible by 10. Here we have

maximum number of two colored forks is what? Every

triangle that is not monochromatic contains exactly two 3(0+0+24+0+2+9)+(5+0+14+7+1+0+7)
such two-colored forks. Complete the proof.

3(sum of digits in even positions) + (sum of digits in
odd positions)

=39 4+ 21 = 60.

Example 14 Problem 1
Consider a Hadamard matri{, i.e. H is a matrix of Find the check digit: on a tin of beans

sizen by n in which all entries aret-1 or —1, with the

property that the inner product of two distinct rows is 0. 500015700418z.

Denote the entry in row and columnk by h;;. Count

the total number of pair§h, hjr} (1 < i < j < n,

1 < k < n) that have different sign. Lef; be the sum It should be fairly clear that, because of the check
of then entries in thek-th column of H. Now show that  digit, any single error will be detected, in the sense

S st =n? that the resulting number will not give a multiple of 10.
For example, if the cornflakes number were misread as
Example 15 5000127013097, our calculation would give 63

Let G be a graph om vertices in which every vertex has instead of 60. The next most common type of error is a
degreek. (So, how many edges doéshave?) There transposition of two ( normally adjacent digits.
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Example 1 o publisher to this particular book, and the X at the end is
(a) If the cornflakes number is misread as the check digit which is chosen so that
10(0) +9(7) +8(4) +7(7) +6(5) +5(4) +4(6) +3(2) +

5000127021097 2(4) + check digit

then the error is detected. is a multiple of 11. Here we have
(b) Ifitis misread as 0+63+32+49+304+20+2446+8 =232
5000172012097 and the next multiple of 11 is 242, so we take check digit

10. Since 10 unfortunately uses TWO digits, we use the
then the error is not detected, since the calculation Roman ten, X. In general, an ISBN is of the form
does indeed yield a multiple of 10.
@10 a9 ag Gy Ge A5 G4 A3 A2 A1
Problem 2
Show thaBz + y and3y + = differ by a multiple of 10if ~ Where
and only ifz andy differ by 5. Does this help to explain
the previous example ? 10
Zkak =0 (mod 11).

k=1
The EAN 13 system was set up shortly after the United

States introduced its 12-digit Universal Product Code Problem 4

(UPC) system. You can convert any UPC number into A book has ISBN

an EAN 13 number by putting a O at the front. EAN 13

numbers contain information about country of origin. A 0-906212-77-x
TDK audio tape with numbet 902030129750
has Japanese origin , as the 49 at the start indicates.
0 at the start indicates US or Canada, 40 Germany, 7435,0blem 5

Nicaragua, 471 Taiwan, and so on. Any book is consid- \yen receiving a book order over the telephone, the
ered as coming from "Bookland’, and has number start- . qejler did not hear the second last digi} clearly.
ing with 978, while periodicals have numbers beginning Find whatz is.

977.

AWhereyc denotes the check digit. Find

0—-17-431492 - 3.
Sometimes an 8-digit EAN system is used instead. The
final digit is again a check digit, chosen so that
The ISBN system detects all single digit errors and all
transpositional errors. Consider, for example, the trans-
3(sum of digits in odd positions) + (sum of digitsin  position ofzy, in the 5th and 4th positions from the right,

even positions) into yx. The contributiorbx + 4y to the sum is replaced
by 5y + 4z. Can these two numbers differ by a multiple
. . of 1172
is a multiple of 10.
Problem 3 The EAN 13 number for a book is obtained from the

Find the check digit: in the following EAN 8 number: ISBN by removing the check digit, adding7 8 at the
front, and then adding the EAN check digit at the end.

5011447«
Problem 6
The Harry Potter book mentioned above has EAN 13
3.2 The ISBN system number9 780747546 24 x for somex. Find

All books are given an International Standard Book <
Number, consisting of 10 digits including a check digit.
Take for example the hardback editiontdarry Potter

and the Goblet of Firelts number is 3.3 The IBM system

This system was introduced by IBM, and is used by

0—T7475—-4624— X many libraries and some credit card systems such as

Visa. A Visa card has a 16-digit number, wheareas Glas-
The 0 indicates that it is from an English speaking coun- gow University Library uses a 14-digit system in which
try. The7 4 7 5 is the number assigned to the publisher all numbers begin with 30114. As in the systems dis-
(Bloomsbury). Thet 6 2 4 is a number assigned by the cussed above, the final digit is a check digit, but in the
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IBM scheme the rule is slightly more complicated. Re- is a change from 0to 1 or 1 to O exactly three times. For
call that, in the EAN system, every second digit was mul- example, 0110001 is such a sequence, but00111 is
tiplied by 3. It should be clear that if 2 were used instead not. It is easy to check that there are 20 such sequences
of 3, then not even every single digit error would be de- beginning with 0 and 20 beginning with 1. Those begin-
tected (e.g. a 3 misread as an 8). The IBM system usesing with 0 are of two types: those of typehave an odd

2 as the multiplier, but to distinguish between numbers number ofls, and those of typ& have an even number
that differ by 5 it introduces a further level of sophistica- of 1s.

tion. To illustrate this, take the GU library book whose

library number is How a particular digit is encoded depends on whether it
isin the left or right half of the EAN codeword. Consider

for example the500 g box of cornflakes with EAN 13
30114005297 36 4

number
5000127012097
The requirement is that and the following barcode.
2(sum of odd placed digits) + (sum of even placed
digits)
+ (number of odd placed digits which areb)
must be a multiple of 10. In this example the odd placed
digits are 3,1,4,0,2,7,6 of which two are5. We have

5000127012097
2(3+14+4+04+2+74+6)+(0+14+0+5+9+3+4)+2 =

46 + 22 + 2 = 70. In the barcode a black line represents a 1, a white space
represents 0. So 11 would be represented by a black line
Problem 7 of double width, and so on. All barcodes start and finish
Find the check digit: in the following credit card num-  with 101, represented usually by longer lines, and they
ber : have 01010 in the middle. In the above example, the
4547 3012 5478 103z other bars in the left half represent
Problem 8 0001101 0100111 0100111 0011001 0010011 0010001

The following credit card number was read over the
phone when tickets for a concert were being ordered. ~ Which stands for

4547 3012 3241 1234

(@)
o
o
—_
[\]
\]

Will it be accepted? If not, can you find a possible trans-
position of adjacent digits which might have been made

when a valid number was misread? according to the following table

Problem 9
Will the following be accepted as a valid Visa number?

Number Lefthandd LefthandB Righthand

0001101 0100111 111001(
0011001 0110011 110011(
0010011 0011011 110110¢
0111101 0100001 100001¢
0100011 0011101 101110¢
0110001 0111001 100111
0101111 0000101 101000(
0111011 0010001 100010(
0110111 0001001 100100¢
0001011 0010111 111010

4560 1772 5011 9013

In fact,

it has been misread. Can you suggest a transpositional
error that isneverdetected ? Is this the only one ?

O©OCoOoO~NOOOUIDS~WNEFO
OO OO OO0 OO0 O

3.4 Barcodes

We are now going to see how the barcode version of an
EAN 13 code is formed. Each didit ..., 9 will be rep-
resented by a binary sequence of length 7 in which thereNote in passing how the columns of the table are related
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to one another - do you see how to get the second and4. Coding Theory

third columns from the first?
The bars on the right of the above codeword represent

1110010 1100110 1101100 1110010
1110100 1000100
which therefore stands for

0 1 2 0 9

as can be checked from the table.

We thus have the whole of the EAN 13 code number
apart from theb at the beginning. What about this?
Where is it ? It is actually 'hidden’ in the choice affs
and Bs on the left, a choice which so far has not been
explained. The secret lies in the following table! Note
that the encoding df did indeed use the pattern

ABBAAB
0 AAAAAA 5 ABBAAB
1 AABABB 6 ABBBAA
2 AABBAB 7 ABABAB
3 AABBBA 8 ABABBA
4 ABAABB 9 ABBABA

Two very clever points emerge.

(i) The 13-digit EAN 13 numbers are effectively en-
coded as 12 digits, the sequenceAsf andBs de-
termining the initial digit which is apparently ab-
sent. American UPC numbers, which have 12 dig-
its, can be thought of as EAN 13 numbers by adding
a 0 at the start, are encoded in typevords only.

So scanners can deal with both EAN 13 and UPC
words together!

(ii)
it knows which end is the beginning and which is
the finish.

Problem 10

Explain how a scanner knows which end is the begin-
ning. (It has something to do with odd numbers sfon
the left.)

Problem 11
A packet of tea from Taiwan has EAN 13 code

4711406883383.

How would you encoded) 7, (b) 0 in the barcode? Write
down the complete barcode as a sequends aindls.

112

4.1 Error-correcting Codes

Informationis often stored on a medium or transmitted
from a (so-called) sender to a receiver via sequences of
symbols from a fixed set which we usually call tak
phabet For instance 'good morning’ is a sequence using
our usual alphabet. Another example isxvra  pel’
which uses another familiar alphabet. The sequence
'2003’ conveys something to the reader, this time using
as alphabet the s¢6, 1,2, 3,4,5,6,7,8,9}. The binary
system has an alphabet with only two symbols, namely 0
and 1. In most cases that we are familiar with, only cer-
tain sequences have a meaning. For instance in Morse
the sequence- - — — — - - - has a well known meaning.

It often happens that a recorded or transmitted sequence
is received with one or more errors. If we see the word
'alpjabet’ we realize that the ’j’ should be an 'h’, i.e. we
are able to correct the error.

In the theory of error-correcting codes we start with
some alphabet, say0,1} and formulate rules with
which to form sequences of symbols, which we call
codewords When transmitting information, only the se-
quences satisfying the rules can be used. The problem is
to find rules that make it possible for a receiver to spot
and correct an error. If the alphabet has only two sym-
bols, spotting is enough because there is only one pos-
sible way to change the symbol. In our example above,
spotting the ’j’ as wrong leaves us 25 candidates for the
right symbol. Our knowledge of the rules (i.e. of En-
glish words) makes us choose 'h’. We now wish to have
mathematical ways of correcting errors.

We start with a very simple example. However, we point
out that this was the first error-correcting code ever con-
structed and it was used in practice (1949). Suppose that
we have a channel over which we can transmit two dif-
ferent symbols (as when Morse is used). We call these
symbols 0 and 1. Suppose furthermore that there is a cer-

A scanner can read a barcode upside down; indeedyain pronabilityp that a transmitted symbol is received

incorrectly (0 as 1 or 1 as 0). We are to transmit a long
sequence ofs andls and we wish to reduce the prob-
ability of error for the receiver. We do the following.
We split our sequence infour-tuples Below, we shall
indicate a rule that maps each four-tuple intseven-
tuple The seven-tuples are the codewords of our code.
We transmit the seven-tuples, separated by synchroniza-
tion symbols. In each seven-tuple we include the original
four-tuple and adjoin three so-calleelundantits.

Consider the figure formed by the three circles in the
figure below.
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' of Z7 with basisvectors (1,0,0,0,1,1,0), (0,1,0,0,0,1,1),
(0,0,1,0,1,0,1), and (0,0,0,1,1,1,1). Also show that any
two distinct codewords have distanee3 (which is why

we can correct one error if it occurs). We say that the
A code is a [7,4,3] code.
[ v 1l

Problem 2

Suppose that we transmit a codeword of the code de-

scribed above and the seven-tuple 11?1070 is received,

i.e. two of the received symbols are illegible (these are

callederasure}. What was the codeword? Prove that no
The circles are numbered |, II, I1l. The seven parts inside Matter where the two erasures occur, there is a unique
one or more circles are numbered 1 to 7 (see figure). Thetodeword corresponding to the five other bits (assuming
four bits of information are put into parts 1 to 4. The thatno errors have occurred).
rule for the other three (in parts 5,6,7) is: every circle
contains an even number 6. This uniquely defines
the codeword. Note that in order to transmit information
in this way, we need 7/4 times as many symbols. We say
that we have @odewith information rate4/7.

We have seen thatjfis a prime, then itZ,, (the integers
modp) we can not only add, subtract and multiply but di-
vision by a non-zero integer is also possible. This makes
it possible to use algebraic methods to define codes over
the alphabeZ,.

In the figure we see that the four-tuple 1101 is mapped

to 1101010. Now suppose the receiver gets 1001010.Example 1 . .

We see that the second bit is wrong but can the receivere define a codé’ overZs to consist of the nine words
also find that out? The seven bits are put into the figure (@, b,a + b,a — b), wherea andb are inZ;. Note that

in the positions 1 to 7. The number o6 in circle Il is a multiple of a codeword is also a codeword and that the
even but in the other two circles the numbeisfis odd. sum of two codewords (coordinatewise addition) is again
The receiver now knows that one or more errors have @ codeword. We say thét is alinear code.

occurred. One error is more likely than two or more. If
there is one error, then it is in circle | and also in circle
[l but not in circle II. There is exactly one part with this
property, namely part 2. So, changing the second bit to
1 yields a seven-tuple that satisfies the coding rule and
therefore th_e receiver assumes (correctly) that 1101010\p/a define thaveightu(c)
was transmitted.

Problem 3
Show that if(p, ¢, r, ) is not inC, then we can obtain a
codeword by changing one of the symbplg, r, s.

of a wordc to be the number
of non-zero coordinates @f If a codeC is linear, then
the distancel(a, b) of two codeworda, b is the weight

If a = (a1, as,...,a,) andb = (by,bs,...,b,) aretwo  Of the codeworch — b. So, if we wish to show that' is
sequences with elements from some alphghéhen we a one error-correcting code, it is sufficient to show that

define the lamming-distanceof a andb to be the num- all non-zero codewords have weight at least 3. Note that
ber of positions wherea; # b;. that is very easy for the code of Problem 3. So, for every

codewordc, there are nine possible four-tuples that will
be decoded to the word Does that make Problem 3
Suppose thaf’ is a code of lengtm over the alphabet  easier?
Q,i.e.Cis asubset of)™. Assume that any two distinct
words ofC' have distance at leat+1. Suppose we take ~ Froblem 4 _ _
a codeword and alterof the symbols, where < . The L€t the binary codeC’ consist af all possible words
word that we obtain now has distantéo the original ~ (@:0,¢,0 + ¢,a + ¢,a + b). Show thatC is one error-
codeword but its distance to all the other codewords is 0""ecting.
at least2e + 1 — t > e. In other words, the altered
Problem 5

word is closer to the original codeword than to any other Construct a linear binary code of length 7, with eight

gggg;’r?srdérrifs, gnvgewzeglégek?gﬁ/r?gewrﬁ;ds’t \II:/ISeIk n\?vv(\)'rg codewords, such that any two distinct codewords have
y distance at least 4.

that it originated from. This is the same thing that we did

above when "alpjabet’ was changed to 'alphabet’. Problem 6
We define a binary cod€’ to be the set of words
Problem 1 (a,b,c,d,a+b, c+d, a+b+c+d). Decode the following

Show that the code defined with the circles is a subspacereceived messages : (1,1,0,1,0,1,1) and (0,1,1,0,1,1,1).
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The easiest way to do this is to observe thatan also some channel to a receiver. We consider an alphabet of

be defined as the set of words= (¢y, ¢s,. .., ¢7) such 31 symbols. These are the 26 letters of our regular al-
that the three equatiors+co+cs = 0, c3+ca+cs = 0, phabet, a space and four punctuation signs (say .,?!). We
andcs + ¢ + ¢7 = 0 are satisfied. identify these with the integers 0 to 30. We use 0 for the
space, 1 for a, 2 for b,.., 26 for z, and 27 to 30 for the
Problem 7 punctuation signs. So ’'a code’ would be interpreted as

Consider an alphabet withsymbols. LetC' be a code  °1 031545
of lengthn over this alphabet. Show that @ is one

error-correcting, then The channel has the unpleasant property that there is a

q" probability p (specified later) that a symbol is changed

C has at mostm words. into one of the thirty other symbols. So, the received

page will contain a number of misprints (depending on

Problem 8 p). We wish to reduce the number of misprints by encod-

From the previous prob|em it looks as if it m|ght be pos- Ing the message before it is sent. As in our first example,
sible to construct a binary one error-correcting code of We divide the symbols on the page into four-tuples. We
length 6 with nine words. Show that this is not possible. Mmap each four-tuple into a six-tupleo, a1, az, . .., as)
(Hint : Suppose such a code exists and consider the firstvhereao anda, are the two redundant symbols. The
two symbols of the codewords. How many possibilities €ncoding rule is as follows.
are there?).
ap+a; +---+as =0 (mod 31) (1)
a1+ 2as + -+ 5a5 =0 (mod 31) (2)
4.2 Coding for the Compact Disc
Digital recording of music on a Compact Disc is a com-
plicated procedure. We give a brief description. The

music as a continuous waveform is sampled with a fre- As example we take CODE, which is the sequence

quency of_44100 times per seconq and the samples ?“%,15,4,5. The second equation givesaust 2 - 3 + 3 -
guantizedi.e. each measurement is expressed as an in- - F4-445-5=a1430=0 (mod 31)
teger in the binary number system. In practsieteen = a1 =L o ’

; . soa; = 1 and substitution in the first congruence then
bits are used. For stereo-music there are two measure-".

ments per sampling, resulting in 32 bits. These are in- yieldsay = 3. So the two redundant symbols are C and
P ping, 9 ) e IN"'A i.e. CODE is mapped to CACODE =3,1,3,15,4,5.

terpreted as a sequence of four so-caligtes A byte is

a sequence of eight bits. In the coding for the disc, the

bytes are the symbols of the alphabet. So, the alphabet et us now look at what the receiver does. Suppose the
has 256 symbols. As in earlier sections, there are rulessjx-tuple WXPART is received. At first glance it looks

to add redundancy. A sequence of 24 symbols (i.e. 24|ike PART with two redundant symbols in front. How-
bytes of eight bits each) is mapped to a sequence of 32ever, substitution in (1) yields

bytes. After some more transformations which we do

not go into, the 32-tuples are recorded. So, using earlierc0 Y4+ es=9 (mod 31) (3)
terminology, the information rate of the code for CD is ¢1 4205 + -+ 5es = 14 (mod 31) (4)
3/4. B

There are several causes of errors on a CD, for instance

little particles or air bubbles in the plastic, scratches, fin- .
P P We see that one or more errors have occurred. Since one

erprints, etc. Even on a brand new CD, as many as : : . !
gOOF())OO errors are present. By complicated mathem)z;ticserror is the most likely, we try that first. From the first

these are located and corrected by the CD-player. ThetOngruence we see that one of the six integers is 9 larger

high quality of the music would have been impossible tmhalr:_ |t|_zr(1jogjlc:hbee. gg.ttgi .Snecir.]ghg?ggéufgcg.n: e_rror IS
without error-correcting codes. utipl y posttion inwhich | urs. Sl =

45 =59 (mod 31) we see that the error has occurred
in position 5. So, the number 20 (corresponding to T)
The actual mathematics of the coding scheme would beshould be reduced by 9 to 11, which corresponds to the
too complicated to explain here. Instead, we shall treat letter K. Now we can remove the two redundant symbols
an example in which a coding scheme is used thasis  to find the correct word PARK. Next, suppose we receive
sentially the samas the one for CD. However, it uses a WYPART. The two congruences of (1) and (2) now yield
much smaller alphabet. This enables the reader to actu-10, respectively 15. The multiplé®: with 0 < i < 5

ally check that the method works. In our example, we are 0,10,20,30,9, and 19. The second outcome (=15) is
assume that a page from a book is to be transmitted ovemot the expected multiple of 10. We therefore know that
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this word contains at least two errors. We cannot correct There is a lot more fascinating mathematics in the CD
the two errors. but this section is enough as an introduction.

5. Miscellaneous Problems

Consider the example of transmitting the printed page.
It has about 3000 symbols. We take the probability of pyoplem 1

error (per symbol) to be 0.5 %. So, without coding, we | gt 4 andb be vertices of a graphi’. We wish to start
expect about fifteen misprints on the page, a bad resultif5 \alk along the edges @ in « and to end inb hav-

we keep the original example of the CD in mind (fifteen ing used every edge exactly once. Give necessary and
ticks on one record is not pleasant listening!). Now we g fficient conditions for this to be possible.

use our [6,4,3] code ovefs;. Because the information
rate is 2/3, we now must transmit 4500 symbols. If this Problem 2
is done with the same transmitter power, the probability A cube of cheese of sizé x 3 x 3 is divided into27
of error doubles! Note that the same problem occurs oncubes. A mouse wishes to eat the cubes, one per day.
the CD. To put 4/3 times as many bits on the disc with- Each day he wishes to eat a cube adjacent to the one he
out making it larger, the bits become smaller and the ate the day before. Can he start on the outside and eat
probability that errors (e.g. caused by small particles) the central cube on the last day?
occur increases. So, when we transmit the page, the re-
ceiver gets a message with about 45 incorrect symbols.PrObIem 3 . . L

. .~ The number of squares in a configuration like
Luckily, a number of errors can be corrected, namely in
all cases where a six-tuple contains only one error. The
probability that a received six-tuple contains no error or
just one i(0.99)¢ + 6 - (0.01)(0.99)° =~ 0.99854. Since ‘
we have transmitted 750 six-tuples, we can expect that
one of them is received with two or more errors and the
rest will be correct, quite an improvement. But that one
(loud) tick on the CD is still too much.

is called a triangular numbé&r(n), wheren is the num-
ber of squares in the bottom row. 3g1) = 1, T'(2) =
3,T(3) = 6 etc. Find a formula fof(n)

We will try another code but because of the problem dis-
cussed above, we take one with the same information
rate. We now split the message into eight-tuples and call (ii) by using two copies of the picture.

these(ay, as, . ..,a11). We shall give rules that specify

four redundant symbols, to a3, again in front of the ~ Problem 4 _ _

other eight. The rules afé -ag+ 1% -a; +2% - ag+- - -+ A partmon_ of n into k parts is a sequen_d@ <ty <

11% - ay; = 0 (mod 31), where0 < k < 3. This gives ~ ~** =tk With & 45 + - - 4, = n. A picture of one
us four congruences from which we can determine the Partition of7 into 3 partsl, 2, 4 is:

redundant symbols. It can be shown that we now have a ‘ ‘

two error-correcting code (and the CD uses exactly the
same kind of code with its larger alphabet of 256 sym-
bols). Like we did above, we can calculate the probabil- L
ity that a received twelve-tuple contains more than two
errors. Itis about 0.02%. Since each page consists of 37
twelve-tuples the probability that one of them is wrong

(i) by induction,

5Prove that the number of different partitions mfinto
k parts equals the number of partitions into parts, the

is now small. largest of which isk.
Problem 5
Problem 9 We can depict the assertidn- 3 + 2 = 6 aso|ooo|oo —
Suppose a twelve-tuple is received and the results of6. How many solutions does the equation
the substitutions into the four defining congruences yield T+ o+ a3 + 24 + 25 = 10
0,6,11,and 17. If we assume that an error of sizbas
occurred in positior and one of size; in positionj, we have
have the four equations
ik e + g% e = respectively, 6, 11,17, for k = (i) with integersz; > 0,
0,1,2,3. Solve these to find the positions of the twoer- =
rors and their size. (i) withintegerse; > 17
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