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About Traveling Salesmen and Telephone
Networks – Combinatorial Optimization
Problems at High School

Andreas Schuster, Würzburg

Abstract: This article introduces an investigation dealing with
the question of what role the mathematical discipline ”combi-
natorial optimization” can play in mathematics and computer
science education at high school. Combinatorial optimization
is a lively field of applied mathematics and computer science
that has developed very fast through the last decades.

Kurzreferat: Der Artikel stellt eine Untersuchung vor, die
sich mit der Frage beschäftigt, welche Rolle das mathemati-
sche Teilgebiet der Kombinatorischen Optimierung, einer Dis-
ziplin, die im Umfeld von angewandter Mathematik und In-
formatik in den letzten Dekaden eine stürmische Entwicklung
durchlaufen hat, für den Mathematik- und Informatikunter-
richt am Gymnasium spielen kann.

ZDM-Classification: N70, N90, U70

1 Combinatorial Optimization

Combinatorial optimization is a lively discipline of
modern applied mathematics and computer science, but
it cannot be said that it is a normal topic of today’s math-
ematics or computer science education at German high
school. Research is done at the moment dealing with
the question, whether it is possible to bring certain top-
ics from that field of mathematics and computer sci-
ence into school (e. g. Lutz-Westphal, 2003; Schuster,
2001a,b, 2002, 2004). This article will show some re-
search of the author together with some of his results.
A popular introduction to combinatorial optimization
can be found in Gritzmann and Brandenberg, 2002; an
up-to-date-textbook about that discipline is Cook et al.,
1998.

1.1 Typical Problems in the Field of Com-
binatorial Optimization

First of all two problems in the field of combinatorial
optimization are introduced that were subject to projects
with high school students.

1.1.1 The Traveling Salesman Problem (TSP)

Which roundtrip can a salesman (see figure 1), who lives
at village 1 and wants to visit his customers at the other
villages, choose if the following conditions should be
fulfilled:

• He wants to reach all the other villages exactly
once.
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Figure 1: TSP/MST

• He doesn’t want to reach village 1 during his jour-
ney again before returning at the end of the trip.

• At the end he returns to village 1.

• The ”costs” of his journey should be as low as pos-
sible.

The label of a road indicates the ”costs” of that way in a
certain unit (e. g. time for traveling).

1

2

3

4

7

15

2

5 4

20

Figure 2: Graph for TSP/MST

Modelling (see figure 2) that problem using graph the-
ory one gets the following problem (traveling salesman
problem, optimization version; TSPO):
Given a complete graph that has at least three nodes
and whose edges are labelled (without loss of general-
ity) with positive integers.
A ”roundtrip” has to be found that visits every node ex-
actly once (Hamiltonian circuit) and that causes minimal
costs.

In complexity theory it is customary to use decision
problems instead of optimization problems. The asso-
ciated decision problem is (traveling salesman problem,
decision version; TSPD):
Given a positive integer B and a complete graph that has
at least three nodes and whose edges are labelled (with-
out loss of generality) with positive integers.
Is there a ”roundtrip” that visits every node exactly once
(Hamiltonian circuit) and whose costs are less or equal
B?
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Because the costs of a Hamiltonian circuit are an effi-
ciently computable sum function it is easy to see that an
efficient algorithm solving TSPO will lead to an efficient
algorithm solving TSPD. By binary search one can see
that the converse implication is also true.

1.1.2 The Minimum Spanning Tree Problem
(MST)

Using the same pictures as for the traveling salesman
problem (figure 1 and 2) the minimum spanning tree
problem can be formulated as follows:
Some villages shall be connected by a telephone net-
work. In which way have the villages to be connected
in figure 1 along the roads so that everyone can make
telephone calls to every person and that the network is
as ”cheap” as possible? The label of a road represents
the ”costs” of that part of the cabling in a certain unit.

Transforming that problem to graph theory you get
the optimization version of the minimum spanning tree
problem (MSTO):
Given a connected graph with at least two nodes whose
edges are labelled (without loss of generality) with pos-
itive integers.
A subgraph has to be found which is connected, has
no circuit, includes all nodes and causes minimal costs
(minimum spanning tree).

The corresponding decision problem (MSTD) is:
Given a positive integer B and a connected graph with at
least two nodes whose edges are labelled (without loss
of generality) with positive integers.
Is there a connected subgraph without any circuit that
includes all nodes (spanning tree) and whose costs are
less or equal B?

By the same argument used for TSPO/TSPD you can
see, that an efficient solution for MSTO implies an effi-
cient solution for MSTD and vice versa.

1.2 The Complexity Classes P and NP

One observation you can make is that combinatorial
optimization problems can often be solved in an obvi-
ous way by exhaustive search (a brute force algorithm):
Construct every possible solution (that’s ”in principle”
possible, because there are only a finite number of pos-
sible solutions; but see Soare, 1987 for problems in the
context of that ”principle possibility”) and then choose
an optimum. This trivial algorithm isn’t acceptable in
general because of its time properties (an example will
follow). This section introduces in an informal way cer-
tain concepts of complexity theory that are important to
describe time properties of problems in the field of com-
binatorial optimization. A precise and formal introduc-
tion can be found in Garey and Johnson, 1997.
The complexity class P consists of all decision problems
for which a solution algorithm exists that needs only

time bounded from above by a polynomial in the in-
put size (”efficient algorithm”). MSTD belongs to that
class. One can see that this is correct by the algorithm of
Prim (see algorithm 1) for MSTO and the remark made
above about the connection between MSTD and MSTO.
The class NP, roughly speaking, consists of all decision

Algorithm 1 Algorithm of Prim – Generic Version

Require: (E,K, c) is a connected graph with |E| ≥
2 whose edges are labelled with positive integers
c(k), k ∈ K; s ∈ E arbitrary

1: S := {s};
2: L := ∅;
3: while S �= E do
4: Choose an edge k ∈ K \ L with minimum c(k)

so that one endpoint of k is in S and the other
endpoint e of k is not in S;

5: S := S ∪ {e};
6: L := L ∪ {k};
7: end while

Ensure: (E,L) is a minimum spanning tree of the
graph, i. e. a solution of MSTO

problems with the following property: For all instances
for which the answer to the decision question is ”yes”
there exists a ”certificate” that the answer ”yes” is cor-
rect, whose length is bounded from above by a polyno-
mial in the problem size and from which the correctness
of this answer can be derived by an efficient algorithm.
Obviously TSPD is an element of NP. A lot of theoreti-
cal and practical problems also belong to NP.
As you easily can see, the following property is correct:
P ⊆ NP. Whether the equality sign holds or not, isn’t
known so far (P-NP-problem); it is an important open
question of complexity theory. In NP there are prob-
lems that are ”most difficult” (NP-complete problems)
in the following sense: If an efficient algorithm will be
found some day for any of these problems, then there
exist efficient algorithms for all problems in NP, that
means ”P = NP” would be correct. Researchers today
believe (P-NP-conjecture) that P �= NP; therefore effi-
cient algorithms for NP-complete problems don’t exist.
TSPD is such a NP-complete problem. If the P-NP-
conjecture is right, then there is no efficient algorithm
for TSPD and therefore also none for TSPO (see the
remark above about the connection between TSPD and
TSPO). That means that every algorithm which solves
all instances of TSPO will show the same time proper-
ties as the obvious exhaustive search algorithm (expo-
nential time algorithm). Let’s estimate the time solving
TSPO by exhaustive search: In a complete graph with
n ≥ 3 nodes there are

(n − 1)!
2

Hamiltonian circuits. If we assume that a computer
needs at least 10−9s to deal with any of these circuits,
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then the algorithm will need for n = 28 nodes at least
172 · 109 years to finish its work. That is much more
than the estimated age of the universe! The exponen-
tial growth in the number of the possibilities which is
the reason for this time growth is called combinatorial
explosion.
One of the consequences of this discussion is that stu-
dents dealing with this kind of problem explore an actual
frontier of research and that they learn two important di-
mensions of the concept of an algorithm: They see that
time is an important category in evaluating algorithms
and they learn from experience that an obvious and natu-
ral solving strategy (”brute force”) will lead to inaccept-
able procedures because of time properties. This expe-
rience supplements the classical picture of mathematics
with an up-to-date facet, which is important in modern
applications of mathematics and computer science.

2 Combinatorial Optimization at
High School

2.1 Properties of Combinatorial Opti-
mization as a Subject of Education

In the following you can find certain principles to jus-
tify combinatorial optimization as a subject of mathe-
matics and computer science education at high school.
These principles are only enumerated; for a discussion
see Schuster, 2004.

1. Dealing with combinatorial optimization not only
contributes to developing mathematical systems in
mathematics and computer science education but
also forces students of different ages to explore real
world problems developing and using techniques
from mathematics and computer science.

2. These topics emphasize mathematical concepts
(e. g. mathematics of modern applications) and as-
pects of mathematical working (e. g. constructing
mathematical models) that aren’t given special em-
phasis in a traditional mathematics curriculum. In
this aspect they complement traditional mathemat-
ics education.

3. Students can rediscover mathematical ideas that
also help solving problems that exist in reality.

4. Combinatorial optimization offers plenty of mate-
rial for developing heuristic strategies.

5. Modern tools, especially the computer, can be used
in a very meaningful manner: as an aid and as a
subject of discussion (e. g. fundamental limits of an
algorithmic machine; see the remarks above about
the P-NP-conjecture and its importance to prob-
lems like TSPO).

6. Students get to know modern fields of work of
mathematics and computer science and can explore
frontiers of today’s research.

7. Problems in the field of combinatorial optimiza-
tions have connections with other fields of sci-
ence and research (operations research, economy
etc.) and with traditional topics of mathematics ed-
ucation (e. g. calculus, analytical geometry etc.).
Therefore they can be integrated into the mathe-
matics curriculum in a natural way enriching to-
day’s mathematics education.

8. The natural use of ”new” methods of teaching and
learning (e. g. learning by performing projects) in
the context of combinatorial optimization problems
can serve as a preparation to the learning and work-
ing structures of the world of adults.

2.2 Survey of Empirical Studies and The-
oretical Investigation

2.2.1 Presentation of the Projects

Five projects dealing with combinatorial optimization
were done during the last three years serving as an em-
pirical foundation for the research of the author:

• Project I: TSP in a 9th grade of a German high
school (February until May 2000); MST in the
same 9th grade (May until June 2000)

• Project II: TSP and MST at a workshop at the TU
Munich for 9th- and 10th-graders from high school
(November 2000)

• Project III (resumption of project I; the students
were to a great extent the students of project I):
MST in a 10th grade of a German high school
(February until July 2001) including a short intro-
duction to the SPP (the shortest path problem, SPP,
is another problem in the field of combinatorial op-
timization not mentioned above. The details about
that problem can be found in Cook et al., 1998,
pages 19 – 36)

• Project IV and V: SPP with 11th- and 12th-graders
at workshops at the University of Würzburg in July
2001 and July 2002

These studies and the theoretical considerations of the
author should serve as a ”prelude” to the development
of a curriculum. The activities of the students were ob-
served to determine, what they were doing, when they
worked autonomously on combinatorial optimization
problems. The problems were formulated in a very open
manner. Partially the students dealt with the problems
simulating working in a software development company.
They formed small teams; sometimes these teams dealt
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with the same part of a problem, sometimes with differ-
ent parts. In a ”plenary assembly” all students and the
teacher discussed the results of each single team. That
means that teamwork and dicussion alternated.
The projects were recorded on video tape, which will be
interpreted using the methods of interpretative teaching
evaluation (Maier and Voigt, 1994, 1991). Furthermore
the students had to make written documentations about
central parts of their considerations.

2.2.2 Aspects of Investigation

The theoretical concepts which are developed at the mo-
ment and the investigation of the material deal with the
following questions:

1. Didactical phenomenology: What are the main
properties of a didactical phenomenology (see
Freudenthal, 1983) of mathematical structures of
combinatorial optimization?

2. Simplification: Is it possible to simplify subject
matters and methods of proof of combinatorial op-
timization in such a way that they can be taught at
high school, and in which way is that possible, if
the answer of the former question is ”yes”?

3. Design of teaching: Which methods are especially
suitable for teaching these topics?

4. Problem of heuristics: In what way and to what
extent can topics in the field of combinatorial opti-
mization be used to develop heuristic strategies?

5. Problem of approximation strategy: Which ap-
proximative solutions do students develop when
they face the problem that exact solutions can’t be
found in acceptable time?

6. Learning of concepts: What do topics in the field
of combinatorial optimization contribute to learn-
ing of concepts in mathematics and computer sci-
ence education?

7. Context problem: What relationship exists be-
tween combinatorial optimization and the tradi-
tional main ideas of mathematics education and ed-
ucation in computer science?

2.2.3 Example from the Transcripts: Time Com-
plexity of an Algorithm and the Concept of
a Solution

As an example I will use the following scene from the
transcripts accompanied by a short interpretation. The
students had to search for a solution of a TSPO in the
form of a drilling problem for circuit boards, simulating
developer teams of a software company. At the end of
that phase one of the 9th-graders (”S”) explains the re-
sults of his team to the plenary assembly of all students
(translation of the author):

S: Yes, it was suggested that all possibilities
should be tested, and the computer should al-
ways add up the sums, i.e., it always adds
the distances and then takes the shortest one.
However if you do so in practice with thou-
sand holes [that must be drilled on the cir-
cuit board; annotation of the author] and so,
and you pass through all possibilities, there
exist ca. one million possibilities. Until you
will finish, you need hundreds of years and
no company has actually so much time, that
it can wait three hundred years, until the job
will be done. Well – we have now reflected:
If we could do now the same, that it [the com-
puter or the algorithm; annotation of the au-
thor] tests all possibilites, but with a restric-
tion, that it, when it has a point, that it doesn’t
connect it with all points, but only with those
points, which have a certain distance, i.e. a
certain maximum distance. Thus a lot of pos-
sibilities are cancelled, and there are still only
a few hundred or a few thousand possibilites
and of course these are quickly tested.

The teams that reported their results before the stu-
dent used exhaustive search to solve the problem. They
didn’t realize the importance of time in any way. S re-
jects that solution, he notices that time is an important
dimension of the problem. At that age growth proper-
ties of functions are hardly known. Therefore it is re-
markable that he notices the growth in the number of
the possibilities as a significant phenomenon. The way
he speaks gives the impression that the time argument
is quite natural and obvious for him. Later in the scene
(that part is not quoted here) one can assume that the
errors in the numerical calculation of S are partly ex-
plained by his misconception that the number of pos-
sibilites increases by n3, if n is the number of holes
or nodes, accompanied by problems using numerals.
Therefore S believes implicitly that there is a polyno-
mial growth; he doesn’t discover the phenomenon of
combinatorial explosion. He concludes from his (partly
wrong) considerations that he needs another kind of so-
lution, i. e., his concept of solution changes. His (ap-
proximative) strategy tends towards a decomposition ap-
proach. Local optimality becomes a fundamental con-
cept for him. He uses a divide-and-conquer-strategy.

2.2.4 Some Results

The author distinguishes four kinds of activities in the
context of problems in the field of combinatorial opti-
mization:

I. Mathematical modelling of a real world problem

II. Searching for and discovering/constructing algo-
rithms
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III. Investigation of algorithms

IV. Proving the correctness of an algorithm

For a more detailed discussion of these activities see
Schuster, 2002 and 2004. The following results deal
with algorithms in the field of combinatorial optimiza-
tion in education, not with algorithms as educational
subjects in general!

• 9th- and 10th-graders are able to perform activites
of category I and II to a great extent autonomously.
They are very motivated and creative and are able
to find standard techniques known in literature. Lo-
cal optimality and greedy strategies are preferred
heuristics.

• 9th- and 10th-graders can develop activities of
category III only partly. For example they are
able to show that a suggested algorithm isn’t cor-
rect, but they can’t develop a correct algorithm au-
tonomously to a level of precision that is customary
in mathematics or computer science.

• Activities of category IV are almost completely be-
yond the scope of 9th- and 10th-graders, but to-
wards the end of that period this seems to change.

• 11th-graders and 12th-graders are able to perform
activities of category III and IV autonomously.
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