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Abstract. Let P be a point outside a pair a, b of boundary parallel
lines in the hyperbolic plane, and consider the lengths of the segments
that are collinear with P and join a with b. The limit length of these
segments is determined in a new, elementary way, and the variation of
lengths is found using coordinates developed from Hilbert’s Arithmetic
of Ends.
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1. Introduction

In a hyperbolic plane, governed by Hilbert’s axioms of Bolyai-Lobachevskian Ge-
ometry [4, Appendix III], consider a pair a, b of boundary parallel lines with com-
mon end o, and a point P , separated by b from a (Figure 1). We will explore the
lengths of the segments [XY ] which belong to a line through P joining the point
X on a with the point Y on b. One would expect that these lengths tend towards
a limit when X moves along a towards o, but it is difficult to decide intuitively
whether that limit will be zero, infinity, or a non-vanishing, finite value. Inter-
estingly, it is the last of the three possible answers that applies. This has been
shown already for real hyperbolic geometry in [6] through the use of horocycles
and in [1, p. 47] using hyperbolic trigonometry.

Here the mentioned limit will be presented as a segment length that can be ob-
tained by a completely elementary and quite simple construction. The hyperbolic
parallelogram [7, pp. 7–8] will play a central role in this discussion, and its inter-
esting properties may well convince the reader that it is an undeservedly neglected
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Figure 1.

figure. The established finiteness of the above limit raises additional questions,
especially whether it is approached from below, from above, or still in another
way. Although no elementary argument has been found to settle this question
despite prolonged efforts, the authors found that a careful reading of Hilbert’s
algebraization of the general hyperbolic plane by means of his Arithmetic of Ends
[4, Appendix III] suggests an apparently new coordinatization of it. A calculation
based on these coordinates proves that the question has two answers depending
on the closeness of point P to b. For P near b the lengths [XY ] first reach a min-
imum and then increase to a limit. For a more distant P the lengths monotonely
decrease to their limit. Even though this approach is interesting in its own right,
we feel that an elementary solution would be of considerable value.

2. The limit length of the segments [XY ]

In this section we describe an elementary geometric construction which leads to the
limit length of the segments [XY ] described in the introduction. We will proceed
on the basis of the axiom system of Hilbert [4, Appendix III]. This includes the
use of the term “parallel” in the sense of “boundary parallel”.

Definition. A quadrilateral ABCD is a parallelogram if the rays A → B and
D → C as well as the rays A → D and B → C are parallel. The well-defined
point A is the outer vertex of the parallelogram.

Lemma. In a parallelogram ABCD with outer vertex A the sides satisfy the
equation:

|AB|+ |BC| = |AD|+ |DC|.

Proof. (Figure 2) Let µν be the line which joins the common end µ of AB and DC
with the common end ν of AD and BC, and let b and d be the perpendiculars to
µν through B, respectively D. Also, let Cb be the image of C under the reflection
in b, Cd the image of C under the reflection in d.

Note that the first of these reflections interchanges the lines parallel to µν from
B which means that BCb is parallel to ν → µ and so coincides with AB. Also,
|BC| = |BCb|, and therefore |AB| + |BC| = |AB| + |BCb| = |ACb|. For similar
reasons DCd is parallel to µ → ν and coincides with AD, from which follows
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Figure 2.

Figure 3.

|AD| + |DC| = |AD| + |DCd| = |ACd|. Both Cb and Cd have the same distance
from µν as C, and lie on the two symmetric parallels from A to µν. As a result
|ACb| = |ACd|, and so |AB|+ |BC| = |AD|+ |DC|.
Now consider the figure (Figure 3) consisting of the parallel lines a, b with common
end o, the point P separated from a by b, the midline c of a and b, also through
o, the line d = oP with second end δ and the perpendicular line cd to c through
δ, defining the points A on a and B on b.

Choose a point X on a which makes ]PXA an acute angle, denote the inter-
secting point of lines x = PX and b by Y , and the end of ray X → P by ξ. Also
let Xa, Yb be the intersecting points of the perpendicular line cx to c through ξ
and a, respectively b. Finally, draw the perpendicular line cZ to c through Y and
call Z its intersection with a.

Obviously, the more X moves in the direction of o the closer segment [XaYb]
approaches [AB]; in fact, reversing the construction, we can choose a segment
[XaYb] with endpoint Xa arbitrarily close to A and endpoint Yb arbitrarily close
to B, and find a point X that produces it.

At this point note that the quadrilateral XaYbY X is a parallelogram with
outer vertex Xa, which means that by our Lemma

|XaYb|+ |YbY | = |XaX|+ |XY |.

Because both the lines cx and cZ are perpendicular to the midline c of a and
b, |YbY | = |XaZ|. Subtracting this distance from both sides of the above equation
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and applying |XaZ| = |XaX| − |XZ| we obtain

|XaYb| = |XY |+ |XZ|.

As a consequence of limX→o |Y Z| = 0 and the triangle inequality applied to
∆XY Z we find that

2 lim
X→o

|XY | = lim
X→o

(|XY |+ |XZ|) = lim
X→o

|XaYb| = |AB|.

In other words,
lim
X→o

|XY | = 1/2|AB|.

3. Description of the analytic method

Although there have been a number of analytic approaches developed for hyper-
bolic geometry (see, for example, [5, Chapter 6]), the following seems to be a new
method which is well suited to solve the question stated in Section 1 regarding
the manner in which the above limit is approached.

In Appendix III of Foundations of Geometry Hilbert famously develops his
theory of ends for any hyperbolic plane. Each line is assigned a pair of distinct
ends α and β. An arbitrary line is singled out to have ends 0 and ∞, and a
perpendicular to it is given the ends 1 and −1. The intersection of the two lines
is assigned the hyperbolic point O, and an end is considered positive if it lies on
the same side of the line through ends 0 and ∞ as end 1. On the basis of this
a geometric construction of addition, multiplication and square root of positive
ends can be provided such that a Euclidean field F results, where F consists of
all ends except ∞. Vertical lines, denoted here by < α,∞ >, are those with one
end α from F and the other end ∞, and non-vertical lines, denoted < α, β >, are
those with two ends α and β from F .

Hilbert introduces coordinates µ and ν for non-vertical lines by

µ = α ∗ β

ν = (α + β)/2.

In [4, §4] Hilbert proves:

Concurrency Theorem. Two or more non-vertical lines m1 with ends µ1 and
ν1, m2 with ends µ2 and ν2, . . . are concurrent when

αµ1 + βν1 + γ = 0

αµ2 + βν2 + γ = 0

. . .

have a simultaneous solution α, β and γ such that

(∗) αγ − β2/4 > 0.
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It follows from linear algebra that any solution set (α, β, γ) is a non-zero scalar
multiple of (ν2 − ν1, µ2 − µ1, ν1µ2 − ν2µ1). (For the following, note that if α = 0
then (∗) is false; therefore ν1 6= ν2.) If we let

σ = (µ2 − µ1)/(ν2 − ν1)

then condition (∗) can be rewritten as

(∗∗) (σ/2− ν1)
2 < ν2

1 − µ1.

This has a simple interpretation, namely that the line through (µ1, ν1) and (µ2, ν2)
in the Cartesian plane F 2 does not intersect the parabola x = y2.

Proof. The line x = σ(y − ν1) + µ1 does not meet the parabola x = y2 when
the equation y2 = σ(y − ν1) + µ1 has no solution, and this happens when the
discriminant is negative, which is just condition (∗∗). This fact suggests the
following interpretations:

The line m with Hilbert coordinates µ and ν in the hyperbolic plane can be
regarded as the point (µ, ν) in the coordinate plane F 2, and the points of m
can be thought of as Cartesian lines in F 2 through (µ, ν) which do not meet the
parabola x = y2.

Formally, we shall say for a non-vertical line m with Hilbert coordinates µ and ν
in the hyperbolic plane, define

C(m) = the point (µ, ν) in F 2.

Also if P is the intersection of the line having Hilbert coordinates µ1 and ν1

with the line having coordinates µ2 and ν2 in the hyperbolic plane and σ =
(µ2 − µ1)/(ν2 − ν1), then we define

C(P ) = the Cartesian line in F 2 through (µ1, ν1) with slope σ.

Thus, for example, C(< −1, 1 >) = (−1, 0), and a point P lies on < −1, 1 > iff
C(P ) is a Cartesian line through (−1, 0) with slope σ for which |σ| > 2.

C is well-defined on points because of the consequence of the Concurrency
Theorem that (α, β, γ) is a non-zero scalar multiple of (ν2−ν1, µ2−µ1, ν1µ2−ν2µ1)
even if P were the intersection of other lines as well, and C can easily be shown
to be one-to-one on both lines and points. By condition (∗∗) C(P ) is a line which
does not meet x = y2 for any point P in the hyperbolic plane. We shall designate
this line in F 2 by [σ, τ ], where σy + τ = σ(y − ν1) + µ1, so τ = µ1 − σν1 and
C(P ) = [σ, τ ].

It is proved in [8] that for a fixed α in F the lines C(P ) for points P on < α,∞ >
consist of all parallels to the tangent to the parabola x = y2 through the point
(α2, α) which do not intersect it (Figure 4). Observe these lines are of the form
x = 2αy + τ, where τ + α2 < 0. Also it is shown that C(O) = [0,−1].
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Figure 4.

Figure 5.

Given two distinct points A and B on line m in the hyperbolic plane, the points on
ray A → B map by means of C to all lines not intersecting the parabola x = y2 in
F 2 which pass through the point C(m) starting from C(A) up to but not including
the tangent to x = y2, rotating clockwise or counterclockwise appropriately so as
to include C(B) and stay within a single angle formed by the two tangent lines
(Figure 5). The segment AB consists of all points C just described but only up to
the line C(B). Therefore the statement C is between A and B can be expressed in
terms of C(A),C(B) and C(C). It is not difficult to describe in F 2 other familiar
geometric concepts such as parallel, hyperparallel and separation of the plane by
a line.

Using the result that any one-to-one linear fractional transformation on ends ex-
tends to an isometry of the hyperbolic plane (see for example Gerretsen [3, §2]),
it is shown in [8] that for any segment A1A2 one can explicitly find an isome-
try f which maps A1 to the point O and A2 to another point on < −1, 1 >. If
C(A1) = [σ1, τ1],C(A2) = [σ2, τ2] and C(f(A2)) = [δ,−1], one calculates that:

(DM) δ = 2
√

(τ2 − τ1)2 + (σ1τ2 − σ2τ1)(σ2 − σ1)/(τ1 + τ2 + σ1σ2/2).

Therefore two segments are congruent iff their corresponding δ’s have the same
absolute value. If we define ∆(A1, A2) to be the above δ, it is obvious that
∆(A1, A2) = 0 when A1 = A2, and one can easily show that if A3 lies between A1

and A2 then |∆(A1, A3)| < |∆(A1, A2)|.
Similarly given the angle ]PQR formed between the lines m1 = QP and

m2 = QR, one can produce an isometry f defined by ends so that the lines m1 =
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C−1(µ1, ν1), m2 = C−1(µ2, ν2) and point Q = C−1[σ, τ ] map so that C(f(m1)) =<
−1, 1 >,C(f(Q)) = O, and C(f(m2)) = (−1, ϕ) for some ϕ. There are two choices
for ϕ, and we select the one for which the end of ray Q → P maps to +1. One
calculates that

(AM) ϕ = (ν2 − ν1)
√
−(τ + σ2/4)/{ν1ν2 − (µ1 + µ2)/2},

so ϕ can be regarded as the signed measure of the angle ]PQR, and two angles
are congruent iff the absolute value of this expression is the same for both. It is
also shown in [8] that the two lines m1 and m2 are perpendicular precisely when
the above denominator, ν1ν2 − (µ1 + µ2)/2, is 0.

In this way the Cartesian plane F2 can be shown to be a model of the hyper-
bolic plane by turning these facts into definitions of hyperbolic point, hyperbolic
line, betweenness, and hyperbolic segment and angle congruence. For example, in
F 2 we can define a hyperbolic point to be a Cartesian line not intersecting x = y2

and a hyperbolic line to be a point (α, β) for which α < β2. For every Euclidean
field F this produces a hyperbolic plane, so that the following is true (see [8]):

Theorem. A model of Hilbert’s axioms of a hyperbolic plane is an isomorph of a
structure where F is a Euclidean field and the concepts of point, line, betweenness,
segment and angle congruence are interpreted as above. Therefore this structure
is isomorphic to the Poincaré model of hyperbolic geometry with the same field F .

Now we are prepared to solve the problem previously discussed.

4. The calculation

Let a and b be two lines in the hyperbolic plane with a common end. Let c be
the middle parallel to a and b [2, pp. 117–118], and let e be a perpendicular to c.
Without loss of generality we may assume that the common end of a, b and c is 0
and that c =< 0,∞ >. Then e will have ends < −ε, ε > for some end ε > 0, and
the other ends of lines a and b are −κ and κ respectively for some κ > 0.

If ε ≥ κ, then lines a and b do not intersect e and no point P separated from
a by b could lie on such a line e. So we henceforth assume that ε < κ. Note that
if P lies on e, then C(P ) = [µ,−ε2] for some µ.

Imagine a line C(P ) = [µ,−ε2] rotating clockwise through the point E = C(e) =
(−ε2, 0). When it passes through (0,−κ/2), P lies on line a; when it is vertical,
P is on c; and when it passes through (0, κ/2) = B, P is on line b. As C(P )
takes on these values the corresponding µ decreases and continues to decrease
until C(P ) becomes tangent to x = y2. So P will be separated from a by b when
the y-intercept, ε2/µ, of the line C(P ) lies between ε/2, the y-intercept of the
tangent to x = y2 at (−ε2, 0), and κ/2, the y-coordinate of B (Figure 6). Thus

(1) ε/2 < ε2/µ < κ/2,

so that

(2) 2ε2/κ < µ < 2ε.
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Figure 6.

Figure 7.

Now fix µ satisfying (2), thereby fixing the point P on e above b, and consider a
line x through P meeting a at X and b at Y (Figure 7). So C(x) will be of the
form (µγ−ε2, γ) since it lies on the line x = µy−ε2. As a point in F 2 moves along
the segment of C(P ) between (−ε2, 0) and (0, ε2/µ), its inverse image x under C
moves between the lines e and d, where d is defined to be the line through P with
end 0 (since first Hilbert coordinate 0 means one end is 0). Thus γ varies between
0 and ε2/µ as x through P varies from line e to line d.

A straightforward calculation shows that

C(X) = [(µγ − ε2)/(γ + κ/2), (κ/2)(µγ − ε2)/(γ + κ/2)]

and
C(Y ) = [(µγ − ε2)/(γ − κ/2),−(κ/2)(µγ − ε2)/(γ − κ/2)].

After substituting these expressions into the (DM) formula and simplifying, we
obtain:

∆(X, Y ) = 4κ
√

γ2 − µγ + ε2/{κ2 − µγ + ε2}.

The minimum of this expression as a function of γ is positive and occurs at
γ = γmin, where

γmin = (κ2 − ε2)µ/(2κ2 − µ2 + 2ε2).
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Figure 8.

In fact ∆(X, Y ) is a decreasing function of γ for 0 < γ < γmin and an increasing
function of γ for γmin < γ < (κ2 + ε2)/µ (at which latter point the denominator of
∆(X, Y ) is 0). This can be verified by calculus or by more elementary but tedious
arguments.

We know from (1) and (2) that the numerator of γmin is positive. Also by (2)
µ < 2ε and so

2κ2 + 2ε2 − µ2 > 2κ2 + 2ε2 − 4ε2 = 2(κ2 − ε2) > 0.

So both numerator and denominator and thus also γmin are positive. Now we look
for the upper limit of γmin. It is easily shown that

γmin < ε2/µ iff µ <
√

2(ε2 + ε4/κ2).

If we define µ0 to be the expression
√

2(ε2 + ε4/κ2), it easily follows that

2ε2/κ < µ0 < 2ε.

So µ0 is always in the region in which there is a point P0 = C−1[µ0,−ε2] in
the hyperbolic plane incident with e and separated from a by b. Let Q be the
intersection of lines c and e, so C(Q) = [0,−ε2]. Now the distance (DM) from P0

to Q given by |∆(P0, Q)| is

2
√

02 + ε2µ2
0/(2ε

2) = µ0/ε =
√

2(1 + (ε/κ)2).

Note that for P = C−1[µ,−ε2] on e that |∆(P, Q)| < |∆(P0, Q)| iff µ/ε < µ0/ε iff
µ < µ0 iff γmin < ε2/µ. We have proved for P lying on e and separated from a by
b the following:

Theorem. There is a hyperbolic line through P with a minimum length |∆(X, Y )|
iff P is below P0, i.e. lies between b and P0. In this case the lengths |∆(X, Y )|
decrease to their minimum and thereafter continue to increase to their limit as a
line x through P turns from e more and more towards the line d with end 0. If P
on e is either P0 or above P0 then the lengths |∆(X,Y )| continually decrease to
their limit as x through P turns from e to d.

B. Monson showed by trigonometric means that xmin can be constructed as follows:
For Pa, Pb the orthogonal projections of P to a, resp. b, rotate angle ]oPPa to
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angle ]PbPP ′ to obtain xmin as the orthogonal line p to PP ′ through P (see [1,
Section 6 and Figure 8]). We can clarify this result as follows: Calculations show
for ϕ the signed measure as discussed in Section 3 of angle ]oPPa that:

C(d) = (0, ε2/µ),

C(PPa) = (−ε2κ/(µ + κ), ε2/(µ + κ)),

C(PPb) = (ε2κ/(µ− κ), ε2/(µ− κ)),

ϕ = κ
√

ε2 − µ2/4/{ε2 + κµ/2},
C(PP ′) = (κ2, (ε2 + κ2)/µ),

C(p) = ((µ2κ2 − 2ε4 − 2κ2ε2)/(2ε2 − µ2 + 2κ2),

µ(κ2 − ε2)/(2ε2 − µ2 + 2κ2)).

Note that p = d iff its first coordinate is 0 iff µ2κ2 − 2ε4 − 2κ2ε2 = 0 iff µ =√
2(ε2 + ε4/κ2) iff µ = µ0 iff P = P0.

Thus the Monson construction contains the minimum segment so long as line
p has not reached line d which occurs as long as P stays between P0 and b. If
P = P0 or P lies above P0 on e, then p does not intersect the lines a or b and the
line xmin does not exist.

The distance from P0 to its perpendicular projection Q on c satisfies a simple
formula derived above. Therefore theoretically P0 can be constructed from lines
a, b and the point Q on c, but the authors have been unable to find an elementary
construction or characterization of P0. More generally, the authors are unaware of
other instances of hyperbolic coordinates utilized to prove results not obtained by
other means and believe that these new coordinates have some future role to play:
Not only do they allow for the easy checking of conjectures by calculation but also
they point towards a study of hyperbolic geometry in higher dimensions by, for
example, using points outside a paraboloid and lines and planes not intersecting
it. The angle measure formula (AM), understood as an angle’s tangent, can be
a start for a general hyperbolic trigonometry without the use of exponentials or
limits.
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