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Abstract. Packings in 3-dimensional space were constructed of hard
spheres of two radii, rA > rB. Previous studies have shown that a
packing density higher than that possible for equal sized spheres (δ3 =
π/
√

18), can be achieved for much of the range 0 < rA/rB ≤ 0.623 . . ..
This paper completes the range such that there is no rA/rB ≤ 0.623 . . .
for which the packing density cannot exceed that of optimally packed
equal spheres.
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1. Introduction and definitions

Packing has long captured the interests of geometers, Kepler’s conjecture remained
open for one of the longest periods in mathematics. The extension of the equal
sphere packing problem into n dimensions is also of interest [8]. However impor-
tant problems still exist for spheres in three dimensional space. One such problem
is to determine the densest packings for binary sphere systems [29]. These dense
packings are of interest, particularly to materials scientists, as they form sponta-
neously in systems comprised of hard spherical objects, under high concentration
or high pressure conditions [10], [27], [22], [1]. This paper shows, for a broad range
of radius ratios, that denser binary sphere packings exist than the face-centred
cubic lattice. As such, mixtures of these sizes will preferentially adopt compound
sphere packings rather than segregated structures.

Let Bd ⊂ Ed denote the unit ball in Euclidean d-space, Ed, and let Bd
i =

~ci + riB
d where i ∈ 1, 2, ... If every ri is equal to either rA = γ with γ ∈ (0, 1] or
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rB = 1, (thus rA/rB = γ), and if

P d(γ) = {Bd
i ⊂ Ed | i = 1, 2, . . . with (int(Bd

i ) ∩ int(Bd
j )) = ∅ for i 6= j}, (1)

then P d(γ) is a binary packing of balls.
Let δ(P d(γ)) be the density of the infinite packing P d(γ). If Cd(xj) ⊂ Ed

denotes a rectangular prism with dimensions {xj} where j = 1, 2 . . . d then its
volume is V (Cd(xj)) =

∏
j=1...d

xj, and the density is defined as

δ
(
P d(γ)

)
= lim

xj→∞|∀j

∑
Bd

i ⊂Cd(xd
j )

V
(
Bd

i

)
| Bd

i ∈ P d(γ)

V (Cd(xj))
. (2)

The set of all binary packings of a given radius ratio is denoted by Pd(γ). Then
the maximal obtainable density of packings at that radius ratio is

δd(γ) = sup{δ(P d(γ)) | P d(γ) ∈ Pd(γ)}. (3)

δd(1) corresponds to the maximal obtainable density of packings where all spheres
are congruent, denoted δd. At the other extreme, we define δd(0) = lim

γ→0
δd(γ), then

0 < δd(γ) < 1 for 0 ≤ γ ≤ 1. (4)

It is then meaningful to compare δ(P d(γ)) with δd, and the optimal lattice packing
density δd

L. We now define

γ̂d = sup{γ | δd(P d(γ)) > δd}, and (5)

γ̂d
L = sup{γ | δd(P d(γ)) > δd

L}. (6)

2. Known results

For single-sized balls with d = 2, 3 the lattice has been shown to be optimal, i.e.
δd = δd

L, so for these dimensions γ̂d = γ̂d
L. The value of δ2 is π/

√
12 [28]. The

value of δ3 is π/
√

18 (the result of the proof of Kepler’s conjecture [16], [17], [21],
[18], [19], [15], [20]). The value of δd

L is also known for 4 ≤ d ≤ 8 ([8] p. 12, [23],
[24], [2], [7]) and d = 24 [6], [7].

In binary systems the inequality

δd(0) ≥ δd + (1− δd)δd, (7)

is obvious since the right hand side can be approximated if we fill the gaps of a
densest packing by very small balls, so that the density of the small balls relative
to the vacant space is close to δd. For d = 2, this is the best that can be achieved,
so δd(0) = δd(2 − δd) ([13] p. 71 ff.). This means that δd(γ) > δd ≥ δd

L for small
γ, so γ̂ and γ̂L are nonzero for all d > 1. An upper bound for γ̂d has been found
for d = 2, γ̂2 ≤ 0.74299 . . . [5], [3], [11], (as has a supremum for the densities of
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packings with lower γ [4]), but it is an open question whether γ̂d < 1 for d ≥ 3.
Lower bounds for γ̂d have been established for those dimensions where δd is known,
γ̂2 ≥ 0.645 . . . ([26],[12] p. 184), and γ̂3 ≥ 0.623 . . . [29].

Furthermore it has been shown that δ(P 2(γ)) > δ2 for all 0 < γ < 0.645 . . .
[14]. In other words there is always a more efficient packing structure for two
circles than the classical lattice, up to the established lower bound. The goal of
this paper is to prove the analogue in three dimensions.

In the range, 0 < γ < 0.623 . . ., below the current lower bound on γ̂3, it is
known that

δ(P 3(γ)) > δ3
L for γ < 0.444 . . . and 0.482 . . . < γ < 0.623 . . . . (8)

However the gap left wherein remains incomplete [29], [9].

3. Theorems

Theorem 1.
δ(P 3(γ)) > δ3

L for all γ ≤ 0.623 . . .

Theorem 1 will be here broken into five parts, each occupied by a different packing.
Part one, proven by Vassallo and Wills [29] covers the range γ < 0.444 . . .. Part
two is proven in Lemma 1 covering the range 0.444 . . . ≤ γ < 0.474 . . .. Then,
part three in Lemma 2, covering 0.474 . . . ≤ γ ≤ 0.482 . . .. Part four, proven by
de Lucia [9] covers 0.482 . . . < γ ≤ 0.577 . . . and part five, also proven by Vassallo
and Wills [29] covers 0.577 . . . < γ < 0.623 . . ..

The structures we will use to prove Lemmas 1 and 2 are based on hard sphere
simulation results previously published [25]. The simulations tested only partic-
ular values of γ. We show here that continuous distortions of these structures
exceed δ3 over all γ in the vicinity of these simulation results.

Let Lk denote a large sphere ~lk + B3
k of radius 1, and let Sk denote a small

sphere ~sk + γB3
k of radius γ. The condition for spheres in a packing to be disjoint

(equation (1)) can be restated as

∀i,j‖~si −~lj‖ ≤ 1 + γ,

∀i,j 6=i‖~si − ~sj‖ ≤ 2γ, and

∀i,j 6=i‖~li −~lj‖ ≤ 2. (9)

Lemma 1. Structure 1 has δ(P 3
1 (γ)) > δ3 for all 0.444 . . . ≤ γ < 0.474 . . . .

P 3
1 (γ) consists of a periodic packing of unit cells. The unit cell is a rectangular

prism with periodicity of [4x3, 2y1, 4z3]. Each unit cell contains four large and
four small spheres, arranged within the cell as shown in Figure 1.

For each k ∈ 1, 2, 3, 4, let the location of the centres of the spheres Lk be ~l1 =
(0, 0, 0), ~l2 = (2x3 + 2x1, y1, 2z1), ~l3 = (2x1, y1, 2z3), ~l4 = (2x3, 0, 2z3).

Similarly for spheres Sk let ~s1 = (x3 + x1 − x2, 0, z3 + z1 − z2), ~s2 = (3x3 +
x1 + x2, 0, z3 + z1 + z2), ~s3 = (x3 + x1 − x2, y1, 3z3 + z1 + z2), ~s4 = (3x3 + x1 −
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Figure 1. A graphical depiction of structure 1: Li represent large spheres of radius
1, and Si represent small spheres of radius γ. Light grey denotes spheres centred
in the x-z plane. Dark grey denotes spheres translated by y1 in the y direction.
The dashed grey box denotes the unit cell boundary. Black lines represent contact
between spheres. This structure has a density greater than that of the face centred
cubic lattice over the radius ratio range 0.414 . . . ≤ γ ≤ 0.474 . . . .

x2, y1, 3z3 +z1−z2), where x1, x2, x3, y1, z1, z2, z3 are positive scalar quantities and
x1, x2 < x3 and z1, z2 < z3.

To ensure a high density, the bonds denoted in Figure 1 (and their periodic
images) were minimised to ensure the spheres were in contact, which required
that their corresponding equations from equation (9) were equalities rather than
inequalities. This yielded a set of seven equations with eight variables, with
solutions for each parameter in terms of γ (equation set (10)).

Where a = (1 + γ)2,

x1 =
(a− 2)(a + 4)

2
√

a
√

(a + 4)(a2 − 3a + 4)

x2 =
(3a− 4)(a2 − 3a + 4)−

√
(4− 3a)2

2(a− 2)
√

a
√

a + 4
√

a2 − 3a + 4

x3 =
a3/2

√
a3 + a2 − 8a + 16

y1 =

√
3− 4

a

z1 =

√
9a2 − 24a + 16√

4a3 + 4a2 − 32a + 64
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z2 =
(a− 2)(

√
(4− 3a)2 + a)

4
√

(a + 4)(a2 − 3a + 4)

z3 =

√
a + 4√

4a2 − 12a + 16
. (10)

The range of validity of this structure is determined by two factors. The first
is that for valid γ, equation set (10) must have real solutions. Secondly, the
inequalities in equation (9) must also be satisfied in regard to pairs of spheres
not labelled as always in contact. In this case the limits of the range occur
at
√

2 − 1 ≤ γ ≤ 0.601 . . . 1, (approximately 0.414 . . . ≤ γ ≤ 0.601 . . .). The
lower limit corresponds to contact between spheres S2 and the periodic image of
L1 displaced by one unit cell in both the x and z directions. The upper limit
corresponds to contact between any Li and its periodic image displaced by one
unit cell in the y direction.

The packing density is

δ(P 3
1 (γ)) =

π(γ3 + 1)

6x3y1z3

(11)

which, in the range of validity, exceeds δ3 for γ ≤ 0.474 . . . and γ ≥ 0.590 . . ..
So this structure has δ(P 3

1 (γ)) > δ3 for all 0.414 . . . ≤ γ < 0.474 . . .. It is also
higher in a later range (0.590 . . . < γ < 0.601 . . .) however it is unnecessary to
consider this in the light of previous work [29]. �

Lemma 2. Structure 2 has δ(P 3
2 (γ)) > δ3 for all 0.471 . . . ≤ γ ≤ 0.482 . . . .

P 3
2 (γ) consists of a periodic packing of rectangular unit cells. The cells have a

periodicity of [2x4 +4x3, y1, 2z3]. Each unit cell contains four large and four small
spheres arranged as follows.

For each k ∈ 1, 2, 3, 4, let the location of the centres of the spheres Lk be ~l1 =
(0, 0, 0), ~l2 = (x4, y1, z3), ~l3 = (x4 + 2x3, 0, z3 + z1), ~l4 = (2x4 + 2x3, y1, z1).

Similarly for spheres Sk let ~s1 = (x3 +x4−x1, 0, 0), ~s2 = (x3 +x4 +x1, y1, z1),
~s3 = (3x3+2x4−x1, 0, z3+z1), ~s4 = (3x3+2x4+x1, y1, z3), where x1, x3, x4, y1, z1, z3

are positive scalar quantities and x1 < x3, x4 and z1 < z3.
The same methodology as used in Lemma 1, applied to the bonds denoted

in Figure 2 gives the following optimized values of the parameters in terms of
γ(again the change of variable a = (1 + γ)2 is used).

1The exact value of the upper limit is the positive real root of γ4 + 4γ3 + 5γ2 + 2γ − 4 = 0.
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Figure 2. A graphical depiction of structure two: Li represent large spheres of
radius 1, and Si represent small spheres of radius γ. Light grey denotes spheres
centred in the x-z plane. Dark grey denotes spheres translated by y1 in the
y direction. The dashed grey box denotes the unit cell boundary. Black lines
represent contact between spheres. This structure has a density greater than
that of the face centred cubic lattice over the radius ratio range 0.414 . . . ≤ γ ≤
0.528 . . ..

x1 =
(
a− 1−

√
(a− 2)(3a− 4)

) √
1

−6 + 4a− 2
√

3a2 − 10a + 8

x3 =

√
1

4a− 6− 2
√

3a2 − 10a + 8

x4 =
√

2

y1 = 1

z1 =
1−

√
3a2 − 10a + 8

a− 1
z3 = 1 (12)

with a range of validity of
√

2 − 1 ≤ γ ≤
√

7/3 − 1, (approximately 0.414 . . . ≤
γ ≤ 0.528 . . .). The lower bound corresponds to contact between spheres L4 and
the periodic image of L1 displaced by one unit cell in both the x and z directions.
The upper bound corresponds to simultaneous contact between S1 and L3, S4 and
the periodic image of L4 displaced once in the z direction, S3 and the periodic
image of L1 displaced once in the x direction as well as L2 and the periodic image
of S2 displaced once in the z direction.

The packing density is

δ(P 3
2 (γ)) =

√
2(1 + γ3)π

3

(
1 +

(
2γ2 + 4γ − 1−

√
3γ4 + 12γ3 + 8γ2 − 8γ + 1

)−1/2
) (13)

which is real-valued for γ ≥
√

2−1, and exceeds δ3 over the entire range for which
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it is a valid structure:
√

2−1 ≤ γ ≤
√

7/3−1, covering the required range of this
lemma. One may note that this also covers the range of Lemma 1, however the
packing density of structure 2 is inferior to that of structure 1 for γ < 0.471 . . ..�

Thus it has been proven that binary sphere packings exist over the entire range
0 ≤ γ < 0.623 . . . for which δ(P 3(γ)) > δ3.
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