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Abstract. Let M = G/K be a Hermitian symmetric space of the
non-compact type and π be a discrete series representation of G which
is holomorphically induced from a unitary character of K. We give
explicit formulas for the Berezin symbols of the operators π(g) (g ∈ G)
and dπ(X) (X in the Lie algebra of G). We show that the Berezin
quantization on G/K provides an adapted symbol calculus in the sense
of [12].
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1. Introduction

Let G be a connected Lie group with Lie algebra g. Let π be a unitary irreducible
representation of G on a Hilbert space H. Suppose that π is associated with a
coadjoint orbit O of G by the Kirillov-Kostant method of orbits [21]. In [7] and [8],
we introduced a notion of adapted symbol calculus on O (also called adapted Weyl
correspondence) in order to generalize the usual quantization rules [1], [17]. The
following precise definition for this notion was proposed in [12] (see also [13]). It is
largely inspired by the work of Gotay on quantization (see [18] and its references).

Definition 1.1. An adapted symbol calculus is an isomorphism W from a vector
space A of complex-valued (or real-valued) smooth functions on the orbit O (called
symbols) to a vector space B of (not necessarily bounded) linear operators on H
satisfying the following properties:
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(i) the elements of B preserve a fixed dense domain D of H;

(ii) the constant function 1 belongs to A, the identity operator I belongs to B
and W (1) = I;

(iii) A ∈ B and B ∈ B implies AB ∈ B;

(iv) for each f in A the complex conjugate f̄ of f belongs to A and the adjoint
of W (f) is an extension of W (f̄) (in the real case: for each f in A the
operator W (f) is symmetric);

(v) the elements of D are C∞-vectors for the representation π, the functions X̃
(X ∈ g) defined on O by X̃(ξ) =< ξ,X > are in A and W (iX̃) v = dπ(X)v
for each X ∈ g and each v ∈ D.

For instance, if G is a connected simply-connected nilpotent Lie group then each
coadjoint orbit O of G is diffeomorphic to R2n where n = 1/2 dim O, the unitary
irreducible representation of G associated with O can be realized in the Hilbert
space L2(Rn) and the usual Weyl correspondence gives an adapted symbol cal-
culus on O [3], [27]. It is also known that the Berezin calculus on an integral
coadjoint orbit O of a connected simply-connected semi-simple compact Lie group
G provides an adapted symbol calculus on O [7]. By combining the usual Weyl
correspondence and the Berezin calculus, we have constructed an adapted sym-
bol calculus on the principal series coadjoint orbits of a connected semi-simple
non-compact Lie group [7], [13] and on certain integral coadjoint orbits of the
semi-direct product V oK where K is a connected semi-simple non-compact Lie
group acting linearly on a finite-dimensional real vector space V [12].

Our original motivation (for constructing adapted symbol calculus) was to build
covariant star-products on coadjoint orbits [7]. A more recent motivation is that
adapted symbol calculus can be used to study contractions of representations of
Lie groups in the setting of the Kirillov-Kostant method of orbits [15], [9], [10],
[11].

In the present paper, we consider the case when G is a connected semi-simple
non-compact Lie group. Let K be a maximal compact subgroup of G. Suppose
that π is a discrete series representation of G which is holomorphically induced
from a unitary character of K [22]. Then the Hermitian symmetric space of non-
compact type G/K is diffeomorphic to a bounded symmetric domain D which
can be quantized by the general method of quantization introduced by Berezin
[5]. In [24], explicit formulas for the star-exponential, that is, the Berezin symbol
of π(g) (g ∈ G), were given in the case when G/K ' D is a non-exceptional
symmetric bounded domain. In [2], the authors study the star-exponential from
a general point of view and introduce a non-commutative analogue of the Fourier
transform by using the realization of π given in [22]. In [14], we realized the uni-
tary irreducible representations of a compact semi-simple Lie group in a (finite-
dimensional) Hilbert space of complex polynomials and, in particular, we gave
explicit formulas for the star-exponential in the compact case. Similarly, in the
present paper, we use a realization of π in a reproducing kernel Hilbert space of
holomorphic functions on D [16] and the Gauss decomposition in the complexifi-
cation Gc of G in order to obtain explicit formulas for the star-exponential. We
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also give formulas for the Berezin symbol of dπ(X) for X in the Lie algebra of
G. This allows us to construct a diffeomorphism from G/K onto the (co)adjoint
orbit of G which is associated with π and to show that the Berezin quantization
on G/K provides an adapted symbol calculus for π.

In the spirit of [9], [10] and [11], we anticipate further applications to the
study of the contractions of discrete series representations of G to the unitary
irreducible representations of an Heisenberg group.

2. Discrete series representations

In this section, we introduce notation and review some well-known facts on Her-
mitian symmetric spaces of the non-compact type and on holomorphic discrete
series representations. Our main references are [19] Chapter VIII, [22] Chapter 6
and [25] Chapter XII.

Let G be a connected non-compact semi-simple Lie group and K be a maxi-
mal compact subgroup of G. We assume that the homogeneous space G/K is a
Hermitian symmetric space of the non-compact type.

Let g and k be the Lie algebras of G and K, respectively. Let gc and kc be the
complexifications of g and k and Gc, Kc the corresponding complex Lie groups
containing G and K, respectively. We denote by β the Killing form of gc. Let P
be the ortho-complement of k in g with respect to β. Then g = k⊕P is a Cartan
decomposition of g.

We fix a Cartan subalgebra h of k. Then h is also a Cartan subalgebra of
g. Let ∆ be the root system of gc relative to hc and let gc = hc ⊕

∑
α∈∆ gα be

the root spaces decomposition of gc. Then we have the direct decompositions
kc = hc ⊕

∑
α∈∆c

gα and Pc =
∑

α∈∆n
gα where Pc denotes the complexification

of P and ∆c (resp. ∆n) denotes the set of compact (resp. non-compact) roots.
We choose an ordering on ∆ as in [19] p. 384 and we denote by ∆+, ∆+

c and ∆+
n

the corresponding sets of positive roots, positive compact roots and positive non-
compact roots, respectively. We set P+ =

∑
α∈∆+

n
gα and P− =

∑
α∈∆+

n
g−α. Then

we have [kc , P±] ⊂ P± and P+ and P− are abelian subspaces [19], Proposition
7.2. Let P+ and P− be the analytic subgroups of Gc with Lie algebras P+ and
P−, respectively.

Let θ denote conjugation over the real form g of gc. For X ∈ gc, we set
X∗ = −θ(X). We denote by g → g∗ the involutive automorphism of Gc which is
obtained by exponentiating X → X∗ to Gc. Recall that the multiplication map
(z, k, y) → zky is a diffeomorphism from P+×Kc×P− onto an open submanifold
of Gc containing G [19], Lemma 7.9. Following [25], we introduce the projections
κ : P+KcP− → Kc and ζ : P+KcP− → P+. Then the map gK → log ζ(g)
from G/K to P+ induces a diffeomorphism from G/K onto a bounded domain
D ⊂ P+ [19] p. 392. The natural action of G on G/K corresponds to the action
of G on D given by g · Z = log ζ(g expZ). The G-invariant measure on D is
dµ(Z) = χ0(κ(expZ∗ expZ)) dµL(Z) where χ0 is the character on Kc defined by
χ0(k) = DetP+(Ad k) and dµL(Z) is a Lebesgue measure on D [25].

Now we introduce the discrete series representations of G as follows (see [16],
[22]). Let χ be a unitary character of K. We also denote by χ the extension of
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χ to Kc. Let us introduce the Hilbert space Hχ of holomorphic functions on D
such that

‖f‖2
χ :=

∫
D
|f(Z)|2χ(κ(expZ∗ expZ)) cχdµ(Z) < +∞

where the constant cχ is defined by

c−1
χ =

∫
D

(χ.χ0)(κ(expZ∗ expZ)) dµL(Z).

Note that χ(κ(expZ∗ expZ)) > 0 for all Z ∈ D. Indeed, for each Z ∈ D there
exists gZ ∈ G such that gZ · 0 = Z. Writing gZ = expZky with k ∈ Kc and
y ∈ P−, we have κ(expZ∗ expZ) = (k∗)−1k−1 which gives χ(κ(expZ∗ expZ)) =

χ(k)
−1
χ(k) = |χ(g−1

Z expZ)|2 > 0.

Proposition 2.1. ([16], [22]) Let λ = dχ|hc and δ = 1
2

∑
α∈∆+ α. Then Hχ is

nonzero if and only if (λ+δ, α) < 0 for every non-compact positive root α. In this
case, Hχ contains all polynomials. Moreover, the action of G on Hχ defined by

πχ(g)f(Z) = χ(κ(g−1 expZ))−1 f(g−1 · Z)

is a unitary representation of G which belongs to the holomorphic discrete series
of G.

Note that Hχ is a reproducing kernel Hilbert space. More precisely, for Z ∈ D,
define the coherent state eZ ∈ Hχ by eZ(W ) = χ(κ(expZ∗ expW ))−1. Then we
have the reproducing property f(Z) =< f, eZ >χ for each f ∈ Hχ. Here < ·, · >χ

denotes the Hilbert product on Hχ.
In the rest of the paper, we assume that χ satisfies the hypothesis of Propo-

sition 2.1. Now we introduce the Berezin calculus on D as follows. Consider an
operator A on Hχ. The Berezin (covariant) symbol of A is the function defined
on D by

sχ(A)(Z) =
< AeZ , eZ >χ

< eZ , eZ >χ

and the double Berezin symbol of A is the function defined by

Sχ(A)(Z,W ) =
< AeW , eZ >χ

< eW , eZ >χ

for Z, W ∈ D such that < eZ , eW >χ 6= 0 (see [5]). The function Sχ(A) is holo-
morphic in the variable Z and anti-holomorphic in the variable W . Moreover we
can reconstruct the operator A from its double symbol Sχ(A) by the following
integral formula (see [5], [9]):

Af (Z) =

∫
D
f(W )Sχ(A)(Z,W ) < eW , eZ >χ dµ (W ).

This shows that the map A → Sχ(A) is injective. We also have the following
G-invariance property:
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Proposition 2.2.

1) For g ∈ G and Z ∈ D, we have πχ(g) eZ = χ(κ(g expZ))
−1
eg·Z.

2) Let A be an operator on Hχ. Then we have

Sχ(πχ(g−1)Aπχ(g))(W,Z) = S(A)(g ·W, g · Z)

for g ∈ G and W, Z ∈ D.

Proof. 1) On the one hand we have

πχ(g−1)f(Z) = χ(κ(g expZ))−1f(g · Z) = χ(κ(g expZ))−1 < f, eg·Z >χ .

On the other hand, we can write

πχ(g−1)f(Z) =< πχ(g−1)f, eZ >χ=< f, πχ(g)eZ >χ .

The result follows.

2) This easily follows from 1). �

3. The differential of πχ

In this section, we retain the notation from Section 2. First, we give explicit
expressions for the differentials of the mappings κ and ζ introduced in Section 2.
Then we recover some formulas from [25] for the derived representation dπχ.

If H is a Lie group and X is an element of the Lie algebra of H then we
denote by X+ the right invariant vector field on H generated by X, that is,
X+(h) = d

dt
(exp tX)h|t=0 for h ∈ H.

Let pP+ and pkc be the projections of gc onto P+ and kc associated with
the direct decomposition gc = P+ ⊕ kc ⊕ P−. The following proposition can be
easily proved by differentiating the multiplication map from P+ ×Kc × P− onto
P+KcP−.

Proposition 3.1. Let X ∈ gc and g = z k y where z ∈ P+, k ∈ Kc and y ∈ P−.
We have

(1) dζg(X
+(g)) = (Ad(z) pP+(Ad(z−1)X))+(z),

(2) dκg(X
+(g)) = (pkc(Ad(z−1)X))+(k).

Now we obtain an explicit expression for the derived representation dπχ. We also
denote by dπχ the extension of dπχ as linear map from g to gc.

Proposition 3.2. For X ∈ gc and f ∈ Hχ, we have

dπχ(X)f(Z)=dχ((pkc(Ad((expZ)−1)X)) f(Z)−(df)Z

( adZ

1− e− ad Z
pP+(e− ad Z X)

)
.

Proof. Noting that for X ∈ gc and Z ∈ D we have

(d log)exp Z(X+(expZ)) =
adZ

ead Z − 1
(X),
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we can easily deduce the desired result from Proposition 3.1. �

We can exploit the fact that P+ is abelian to recover a particular case of [25],
Proposition XII.2.1 from Proposition 3.2.

Proposition 3.3. For X ∈ gc and f ∈ Hχ, we have:

1) If X ∈ P+ then dπχ(X)f(Z) = −(df)Z(X).

2) If X ∈ kc then dπχ(X)f(Z) = dχ(X)f(Z) + (df)Z([Z,X]).

3) If X ∈ P− then dπχ(X)f(Z) = −dχ([Z,X])f(Z)− 1
2
(df)Z([Z, [Z,X]]).

4. Berezin symbols of representation operators

In this section we first calculate the star-exponential, that is, the Berezin symbol
of πχ(g) (g ∈ G). Recall that the star-exponential plays a central role in the
construction of the generalized Fourier transform in [2].

Proposition 4.1. Let g ∈ G. The Berezin symbol of πχ(g) is given by

Sχ(πχ(g))(W,Z) = χ(κ(expZ∗g−1 expW )−1κ(expZ∗ expW )).

Proof. Using the definition of the Berezin symbol and the expression of the co-
herent states eZ , we get

Sχ(πχ(g))(W,Z) = χ(κ(g−1 expW )−1 κ(expZ∗ exp(g−1 ·W ))−1 κ(expZ∗ expW )).

Now, we can write g−1 expW = exp(g−1 ·W )κ(g−1 expW ) y where y ∈ P−. This
gives

κ(expZ∗g−1 expW ) = κ(expZ∗ exp(g−1 ·W ))κ(g−1 expW ).

The result follows. �

By using formula (2) of Proposition 3.1, we can easily compute the derivative
of the function Sχ(πχ(exp tX))(W,Z) at t = 0. We then obtain the following
proposition.

Proposition 4.2. Let X ∈ gc. We have

Sχ(dπχ(X))(W,Z) = dχ(pkc(Ad(ζ(expZ∗ expW )−1 expZ∗)X).

5. Adapted symbol calculus

In this section, we show that the Berezin calculus gives an adapted symbol calculus
on the adjoint orbit of G associated with χ.

Let ξ0 ∈ h such that dχ(H) = iβ(ξ0, H) for each H ∈ h. This equality also
holds for each H ∈ kc. Indeed, if H ∈ gα for some non-compact root α then
dχ(H) = 0 and β(ξ0, H) = 0.
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We denote by O(ξ0) the adjoint orbit of G in g and by G(ξ0) the stabilizer of
ξ0 in G. Note that the Lie algebra of G(ξ0) is g(ξ0) = {X ∈ g : [X, ξ0] = 0}.

Since β(kc,P±) = (0), we immediately deduce from Proposition 4.2 the fol-
lowing lemma.

Lemma 5.1. For each X ∈ gc we have

sχ(dπχ(X))(Z) = iβ(ψ(Z), X)

where
ψ(Z) := Ad(exp(−Z∗) ζ(expZ∗ expZ)) ξ0.

The G-invariance property for the Berezin calculus gives a G-invariance property
for the function ψ.

Lemma 5.2. For each g ∈ G and Z ∈ D, we have ψ(g · Z) = Ad(g)ψ(Z).

Proof. By part 2) of Proposition 2.2, for each X ∈ gc, we have

sχ(dπχ(Ad(g−1)X))(Z) = sχ(dπχ(g · Z)).

Then, by Lemma 5.1 we obtain β(ψ(Z),Ad(g−1)X) = β(ψ(g · Z), X). Hence
ψ(g · Z) = Ad(g)ψ(Z). �

Lemma 5.3. We have G(ξ0) = K.

Proof. It is clear that K ⊂ G(ξ0). Let X ∈ g(ξ0). Write X = Y +
∑

α∈∆n
Xα

where Y ∈ k and Xα ∈ gα for each α ∈ ∆n. Then writing [X, ξ0] = 0, we get∑
α∈∆n

(λ, α)Xα = 0. Now, note that (λ, α) 6= 0 for each α ∈ ∆n. Indeed, we
have assume that for each α ∈ ∆+

n we have (λ + δ, α) < 0. Since by [26] Lemma
4.7.4, (δ, α) ≥ 0 for each positive root, we can conclude that (λ, α) > 0 for each
α ∈ ∆+

n and consequently (λ, α) < 0 for each α ∈ ∆−
n . So we obtain Xα = 0 for

each α ∈ ∆n. Hence X ∈ k. This shows that g(ξ0) = k. Now, by [23] Lemma 5,
G(ξ0) is connected. Since K is also connected, we obtain G(ξ0) = K. �

We are now in position to establish the following proposition.

Proposition 5.4. The map ψ is a diffeomorphism from D onto O(ξ0).

Proof. First note that ψ(Z) = Ad(gZ)ξ0 by Lemma 5.2. In particular, ψ(Z)
belongs to O(ξ0). It is also clear from Lemma 5.2 that ψ is surjective.

Now, let Z, Z ′ ∈ P+ such that ψ(Z) = ψ(Z ′) or, equivalently, Ad(gZ)ξ0 =
Ad(gZ′)ξ0. Then (gZ′)−1gZ ∈ G(ξ0) and, by Lemma 5.3, there exists k ∈ K such
that gZ′ = gZk. Thus gZ′ · 0 = (gZk) · 0 = gZ · 0. Finally Z = Z ′. This shows that
ψ is injective.

Regularity of ψ: By Lemma 5.2 again, it suffices to prove that ψ is regular at
Z = 0. By formula (1) of Proposition 3.1, we easily obtain

dψ0(V ) = [−V ∗ + pP+(V + V ∗), ξ0] = [V − V ∗, ξ0]
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for each V ∈ P+. Suppose that dψ0(V ) = 0. Then V − V ∗ ∈ g(ξ0) = k. Hence
V = 0. �

Let A the space of the functions on O(ξ0) of the form sχ(A) ◦ ψ−1 where A is an
operator on Hχ and let B be the space of all operators on Hχ.

Proposition 5.5. The map W : A → B that assigns to each f ∈ A the operator
A on Hχ with Berezin symbol equal to f ◦ ψ is an adapted symbol calculus in the
sense of Definition 1.1.

Proof. Properties (i), (ii), (iii) and (iv) of Definition 1.1 are clearly satisfied with
D equal to the space of complex polynomials. Property (v) follows from Lemma
5.1. �

6. An example

In this section, we study the following example: G = SU(p, q) and K = S(U(p)×
U(q)). Recall that K consists of the matrices(

A 0
0 D

)
A ∈ U(p), D ∈ U(q), Det(A).Det(D) = 1.

The conjugation of gc with respect to g is given by

θ

(
A B
C D

)
=

(
−A? C?

B? −D?

)
where ? denotes conjugate-transposition and we have X∗ = −θ(X) for X ∈ gc.

Let h be the abelian subalgebra of k consisting of the matrices(
iaIp 0
0 ibIq

)
a, b ∈ R, pa+ bq = 0.

The complexification hc of h is

hc =

{
X = Diag(x1, x2, . . . , xp+q) : xk ∈ C,

p+q∑
k=1

xk = 0

}
.

The set of roots of hc on gc is λi − λj for 1 ≤ i 6= j ≤ p + q where λi(X) = xi

for X ∈ hc as above. The set of compact roots is λi − λj for 1 ≤ i 6= j ≤ p and
p + 1 ≤ i 6= j ≤ p + q. We take the set of positive roots ∆+ to be λi − λj for
1 ≤ i < j ≤ p+ q. Then we have

P+ =

{ (
Ip Z
0 Iq

)
: Z ∈Mpq(C)

}
, P− =

{ (
Ip 0
Y Iq

)
: Y ∈Mqp(C)

}
.

In the rest of this section, we identify P+ to Mpq(C) by means of the map

Z →
(

0 Z
0 0

)
.



B. Cahen: Berezin Quantization for Discrete Series 309

We can easily see that the P+KcP−-decomposition of a matrix g ∈ Gc is given by

g =

(
A B
C D

)
=

(
Ip BD−1

0 Iq

) (
A−BD−1C 0

0 D

) (
Ip 0

D−1C Iq

)
.

Note that a matrix g ∈ Gc has such a decomposition if and only if Det(D) 6= 0.
In particular we verify that G ⊂ P+KcP−. Moreover, the action of Gc on D is
then given by

g · Z = (AZ +B)(CZ +D)−1, g =

(
A B
C D

)
.

Note that g · 0 = BD−1 = Z satisfies Ip − ZZ? > 0 [25]. From this we see that

D = {Z ∈Mpq(C) : Ip − ZZ? > 0} = {Z ∈Mpq(C) : ‖Z‖op < 1}.

Now we fix an integer m and we consider the unitary character χ of K defined by

χ

(
A 0
0 D

)
= (DetA)m.

The condition of Proposition 2.1 is then equivalent to m+ p+ q ≤ 0.

One can verify that the norm of the Hilbert space Hχ is given by

‖f‖2
χ =

∫
D
|f(Z)|2 (Det(Iq − Z?W ))−p−q−m cχdµL(Z)

where the constant

c−1
χ =

∫
D

(Det(Iq − Z?W ))−p−q−m dµL(Z)

can be expressed in terms of the Gamma function [20], Theorem 2.2.1. Moreover,
the coherent states for Hχ are given by

eZ(W ) = χ(κ(expZ? expW )−1) = (Det(Iq − Z?W ))m,

the representation πχ is given by

(πχ(g)f)(Z) = (Det(CZ +D))m f((AZ +B)(CZ +D)−1), g−1 =

(
A B
C D

)
and the Berezin symbol of πχ(g) is

Sχ(πχ(g))(W,Z) = (Det(CW +D − Z?(AW +B)))m(Det(Ip − Z?W ))−m.

For convenience, we use here the form β0 on gc defined by β0(X, Y ) = 1
p+q

Tr(X Y )

instead of the Killing form β. Then the element ξ0 of k satisfying dχ(X) =
iβ0(ξ0, X) for all X ∈ hc is

ξ0 = im

(
−qIp 0

0 pIq

)
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and we find that the the diffeomorphism ψ from D onto O(ξ0) is given by

ψ(Z) = im

(
(Ip − ZZ?)−1(−pZZ? − qIp) (p+ q)Z(Iq − Z?Z)−1

−(p+ q)(Iq − Z?Z)−1Z? (pIq − qZ?Z)(Iq − Z?Z)−1

)
.

In particular, we can verify that ψ(Z) = Ad(gZ) ξ0 where gZ ∈ G is chosen as in
[25] p. 501 (see also [4]):

gZ =

(
(Ip − ZZ?)−1/2 Z(Iq − Z?Z)−1/2

Z?(Ip − ZZ?)−1/2 (Iq − Z?Z)−1/2

)
.
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