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Abstract: Mobile Ad-hoc NETworks (MANETs) are complex systems presenting a
phase transition phenomenon : an abrupt change in the behavior of the network around
a critical value of a certain key parameter. The reliability and connectivity of MANETs
depend on their size and on the efficiency of the routing protocol. In this paper we
propose a new approach in MANETs modeling, combining percolation theory and
epidemic algorithms. Using percolation theory we show the existence of a connectivity
threshold (in a square lattice) needed to guarantee the communications in the network,
in particular when the number of direct links are limited. Epidemic algorithms are
used to provide a good propagation of information in the network wile minimizing the
resources cost (energy, number of messages...).

1 Introduction

A complex system is a network composed of mutually interacting elements, where the
global behaviour of the system can not be deduced from the sum of its components and
their properties. One of the most important particularities of complex systems concerns
the global phase transition phenomenon, which occurs around a critical value of a key
parameter leading to the appearance of a new property in the system. From the phase
transition point of view MANETs can be considered as a complex system.

A mobile ad-hoc network (MANET) is a network composed of a set of nodes commu-
nicating over paths composed of one or a sequence of wireless links. A wireless link is
established when tow nodes are within a certain distance corresponding to the transmis-
sion radius (figure 1). Nodes mobility implies unpredictable wireless links formation and
removal explaining the dynamic topology of the network. Since we are dealing with a
propagation of information over a random structure, percolation theory (see section IV)
offers an adapted theoretical framework to study the behavior of such a system.

The mobility allowed by MANETs and the facility of their deployment (they do not rely
on a preexisting infrastructure to communicate) permitted important and various applica-
tions such as mobile detection systems and military communications. But, nowadays, the
popularity of MANETs is due to the widespread availability of wireless devices such as
cell phones, PDAs and WiFi/Bluetooth enabled laptops. [SCS03]
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Recent studies [GK98], [KWB01] and [KWBP02] showed the existence of phase transi-
tion phenomena in MANETs. In [KWB01] tow aspects are presented :

• there is a critical value of the energy (i.e. transmission radius) spent by each node to
guarantee the connectivity of the network with high probability.

• It is possible to conceive an efficient routing protocol using probabilistic epidemic
algorithms. These algorithms are able to diffuse information on the whole network
with high probability when the probability of retransmission of a message at each
node is higher than a critical value pc.

The new tendency in the study of phase transition phenomena observed in MANETs, and
more generally in large-scale networks, concerns the applicability of percolation theory
[KWB01], [SCS03] and the usefulness of the probabilistic epidemic algorithms [EGKM04],
[KMG01]. From our point of view percolation and diffusion theory may be complemen-
tary in the MANET context. In fact, it is possible to solve, using both theories, tow depen-
dent aspects : a good diffusion of information in the network (needed for routing, broadcast
and communication) and its connectivity (needed to reach each node). The use of epidemic
algorithms instead of the classic flooding approach permits a limitation in the redundant
messages and the waste of limited resources (energy, bandwidth,...). We can also avoid the
problem known as Broadcast storm problem corresponding to a situation where too much
redundant messages are generated at the same time impeding communications.[SCS03]

The rest of the paper is organized as follows : in section II, the basic phase transition
phenomena observed in MANETs are presented. The section III concerns random graph
theory, traditionally used to model the behavior of complex networks, and presents the
mathematical formulation of the phase transition property. Percolation theory and dif-
fusion theory are subject of section IV. We present, in section V, our mixed modeling
approach using both percolation theory and diffusion theory to guarantee the connectiv-
ity and the broadcast in the network while reducing the resources cost. We conclude, in
section VI, with a discussion of the results and future work.

2 Phase transition in MANET

There are two main phase transition phenomena in MANETs with uniform fixed radius :
the first one concerns the conductivity in the network and the second one is related to the
efficiency of epidemic algorithms in broadcasting information in the whole system.

2.1 The network conductivity

The communications in a network need not only a good routing protocol, but also the
existence of an open path (sequence of wireless links) between each pair of nodes. The
network conductivity expresses its ability to propagate a message between two nodes.
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MANET’s topology is organized according to the relative distance between the nodes.
Tow nodes establish a direct link, if they are within a certain distance corresponding to the
transmission radius. The dynamic topology of MANETs, due to the mobility of the nodes,
requires a new algorithmic approach to ensure a good conductivity of the network and to
guarantee the functioning of communication protocols.

Recent works [GK98] then [KWB01] and [KWBP02] have shown the existence of a criti-
cal level of transmission power provided by each node to ensure with high probability the
connectivity of the network. Percolation theory is a good theoretical framework to study
this phase transition phenomenon because we can determine, using simulations the value
of the threshold of connectivity.

2.2 Message broadcasting

The mobility of the nodes poses also an other problem concerning the routing protocol1

used in the network [BBBS03]. In fact, because of the changing topology of the net-
work, broadcasting is a very important communication primitive for routing. The classical
broadcasting method uses flooding : an algorithm for distributing messages to every part
of a connected network2. But this approach is not optimal and generates a high number
of redundant messages, wasting limited resources such as bandwidth and energy. There
is an other approach [EGKM04], [SCS03] consisting in forwarding messages with prob-
ability p. In these diffusion models there is a phase transition around a critical value pc

[KWBP02]. For p < pc the probability that the message reaches each node of the network
is very low and for p > pc this probability is very high. The value of pc depends on the
topology of the graph modeling the network.

3 Random graphs

Random Graph Theory was introduced in 1959 by Paul Erdös and Alfred Rényi. A random
graph G, is a graph generated using a stochastic process called random graph model. In
a random graph model, there is generally a key parameter permitting to vary the average
density of the graph. Here are the basic random graph models :

• Fixed edge number model (the original Erdös-Rényi model): G = G(n, e), given
a number of edges e and a number of vertices n, choose G uniformly at random
among all possible graphs (n, e). This model is not adapted to the MANET context
because of the variability of the number of links (i.e. edges).

• The Bernoulli model (known as the binomial model): G = G(n, p), given a number

1Routing is a mean of discovering paths in computer networks along which information can be sent. Routing
directs forwarding, the passing of logically addressed packets from their source toward their ultimate destination
through intermediary nodes, called routers.

2The name derives from the concept of inundation by a flood.
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Figure 1: MANET’s structure.

of vertices n , and a probability p, generate the graph G such that, for each pair
of vertices, there is an edge connecting them with probability p. This model is
the most studied one, but it is not really adapted for MANETs modeling because
it does not take into account the relative distance between the nodes. In fact, in
MANETs even if the configuration of the network changes randomly, its topology is
determined by the transmission radius constraint. Contrarily, in the Bernoulli model,
each couple of nodes is susceptible to have an edge even if the distance separating
them is important.

• The random geometric graph : G = G(n, r), given a number of vertices n randomly
placed, according to some probability distribution in the Euclidian plane, generate a
graph such that there is an edge between each Xi and Xj if and only if :

|Xi −Xj | < r

where i = j and i, j ∈ {1, 2, ..., (n− 1), n} and r a fixed parameter. This model is
similar to the MANETs link construction rules, and for this reason it is appropriate
to describe this kind of networks.

• Dynamic model : G = G(n, t), given a number of vertices n, the graph is con-
structed by adding uniformly at random an edge at each time-step. This model is
useful to describe the evolution and functioning of static networks, but it does not
allow a realistic modeling of MANET.
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Formally, G(n, p) is a probability space over graphs. Given any graph theoretic property
A there will be a probability that G(n, p) satisfies A, which we write P [G(n, p) |= A].
When A is monotone P [G(n, p) |= A] is a monotone function of p. For example, let A
be the event “G is triangle free”. Let X be the number of triangles contained in G(n, p).
Linearity of expectation gives

E[X] =
n

3
p3

This suggests the parametrization p = c
n . Then

lim
n→∞E[X] = lim

n→∞
n

3
p3 =

c3

6

The distribution of X is asymptotically Poisson and

lim
n→∞P [G(n, p) |= A] = lim

n→∞P [X = 0] = e
−c3
6

We can see that
lim
c→0

e
−c3
6 = 1

and
lim

c→∞ e
−c3
6 = 0

The first triangles always appear at p = Θ( 1
n ). This means that the probability that the

graph G(n, p) contains a triangle approaches 1 as n approaches infinity. It was a central
observation of Erdös and Renyi that many natural graph theoretic properties become true
in a very narrow range of p. They made the following key definition:
r(n) is called a threshold function for a graph theoretic property A if

• when p r(n), limn→∞ P [G(n, p) |= A] = 0

• when p r(n), limn→∞ P [G(n, p) |= A] = 1

In the case of our example 1
n is a threshold function for A =“G is triangle free”.

The transition observed around the threshold function is similar to the characteristic zero-
one law in the first order properties in random graphs. First order properties are those that
can be described using a language based on the usual logic Boolean operators (∧,∨,¬), the
equality (=) and adjacency (∼) relations and the universal quantifiers3 (∃,∀). For exam-
ple, the property “there is a triangle” can be written (∃u∃v∃ws.t.(u )∧(v ∼ w)∧(u ∼ w)).

Theorem 3.1 For all first order graph property A:

limn→∞ P [G(n, p) |= A] = 0 or 1.

3Quantification only over vertices
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Figure 2: Phase transition in the probability of connectivity in the Bernoulli model (with n=15).
Source: [KWB01].

The transition is obtained when p reaches a critical value pc called transition threshold.
Although the property “the graph is connected” is not a first order property, it exhibits a
zero-one transition in the Bernoulli model (figure 2). In [KWB01] is given the following
conjecture:

properties which satisfy a zero-one law for Bernoulli Random Graphs also
satisfy a zero-one law for the Fixed radius model.

The existence of a phase transition phenomenon in the fixed radius geometric random
graphs offers an opportunity to study the behavior of MANET’s connectivity and message
delivery, respectively, as a percolation and diffusion processes.

4 Percolation and epidemic diffusion

As complex systems presents generally a phase transition phenomenon according to a cer-
tain property and its global behavior can not be deduced from the behavior of its compo-
nents, it is important to study them using the appropriate theoretical tools. Among theories
using a holistic (or systemic) approach to explain the passage from the individual to the
collective, from the micro to the macro, Percolation Theory is the most adapted in the
MANET’s context : it studies the deterministic propagation of a fluid (or an information)
on a random medium (or structure).
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4.1 Definition

The percolation model was first introduced by Simon Broadbent et John M. Hammersley
in 1957, using the example of a porous stone immersed in a bucket of water. This funda-
mental question was asked: What is the probability that the center of the stone is wetted?
Equivalently, what is the probability that an infinite size percolation cluster of pores exists
[Gr99]. Of course this depends on the porosity of the stone (i.e. the density of pores)

4.2 The general description of a percolation model

The physical problem is mathematically modeled as a network of elements (or vertices)
where the connections (or edges) between each two neighbors may be open (allowing the
liquid to pass through) with probability p, or closed with probability (1−p). For a given p,
what is the probability that an open path exists from the top to the bottom? Mostly we are
interested in the behavior for large n. As is quite typical, it is actually easier to examine
infinite networks than just large ones. In this case the corresponding question is : does
there exist an infinite open cluster ? That is, is there a path of connected points of infinite
length ”through” the network. In this case we may use Kolmogorov’s zero-one law to see
that, for any given p, the probability that an infinite cluster exists is either zero or one.
Since this probability is increasing, there must be a critical probability pc such that (figure
3) :

P (p)
= 0 si p < pc

= 1 if p > pc

Where P is the percolation probability which indicates the probability of appearance of
the giant cluster in the system.

A model where we open and close vertices rather than edges, is called site percolation
(figure 4 a) while the model described above is more properly called bond percolation
(figure 4 b). The model where the uncertainty concerns both sites and bonds is called
mixed percolation (figure 4 c).

Even if this mathematical model was initially used to describe critical phenomena in sta-
tistical physics, its polyvalence and efficiency to characterize non-linear phenomena, led
the scientific community to apply this theory to model the behavior of biological systems,
social networks and economical systems. Recently, in [SCS03] the usefulness of Percola-
tion Theory to ensure the broadcast on MANETs is exposed, and [EGKM04] recommend
the use of probabilistic epidemic algorithms to ensure the efficiency of routing on large
networks. From our point of view, it is important to take into account both approaches
in the MANET’s context. It is important to be interested in epidemic diffusion because
it exhibits a phase transition phenomenon on one hand, and allows to tackle the problem
from a complementary point of view to that of percolation on the other hand. The latter, is
generally presented as being the dual of diffusion theory where the stochastic mechanism
concerns the propagation process.
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Figure 3: Phase transition around pc. (Source : Stauffer and Aharony (1992), In [Pa01] p.50)

Figure 4: Basic percolation models
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4.3 Epidemic diffusion

Epidemic diffusion is a particular case of diffusion theory. It was initiated by Francis Gal-
ton in the XIXth century in order to study mathematically the chances of survival of the
names of noble families. His model known as Galton-Watson process or Branching pro-
cess [AN72], considers a population of males xr belonging to the generation r where each
individual gives birth, independently from the others, to k individuals with a probability
pk that will participate in the generation r + 1. Starting with generation 1 with only one
individual the probability of extinction is

pext =
k0

pk
extpk

The probability of extinction depends on the average number of descendants f = k0 kpk

and thus on the weights of probability pk. By varying the parameter f a phase transition
appears around a critical value fc : the probability of extinction is very weak (P → 0) for
f > fc and very high (P → 1) for ffc.

Based on the epidemic diffusion paradigm, different algorithms known as epidemic algo-
rithms were developed to guarantee a good propagation of information in particular in the
context of distributed applications but also to improve routing protocols in large networks.
These algorithms are known as pro-active algorithms in the sense that they disseminate
information through the network to avoid a potential failure of certain links or certain
nodes [EGKM04]. However, the majority of the algorithms used currently are of réactifs
type : they react to a failure by sending a second time the lost information (or message).
Epidemic algorithms are based on the following properties :

• each node of the network is potentially implied in the dissemination process.

• each node retransmits the received message in a probabilistic way to a subset of
nodes of the network.

• each algorithm is characterized by a set of key parameters which differ according to
the probabilistic diffusion rules

The general epidemic diffusion model is characterized by a stochastic retransmission pro-
cess of the messages received by each node. The nodes have a capacity of reception b, a
number f indicating the maximum number of randomly selected nodes to retransmit the
message to them and a parameter t indicating the number of repetition of the same proce-
dure by the same node. The differences between the models of epidemic diffusion lie in
the values of these three parameters b, f and t.

5 A mixed model to optimize MANETs connectivity and routing

The communications in MANETs require a general diffusion of certain messages which
requires, itself, a total connectivitity of the network. There are thus two dependent prob-
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lems, but of different nature, to solve : the connexity (of topological nature) and diffu-
sion (of algorithmic nature). In order to solve at the same time the two aspects of the
problem, we propose a mixed model made up of two complementary sub-models. A
percolation based modeling of MANETs can guarantee the connectivity of the network
with very strong probability while minimizing the resources necessary (energy of trans-
mission). Then, on the random structure thus created, is applied a stochastic epidemic
diffusion algorithm allowing to ensure a total diffusion of a message through the network,
while minimizing the total number of messages to be retransmitted to disseminate infor-
mation. For the structural representation of MANETs we used a correspondence between
a random geometrical graph and site percolation. Because models are mathematical repre-
sentations for which the relevance must be checked, we specify in this document the basic
assumptions and the different components of the model.

5.1 Hypotheses of the model

We consider a mobile network composed of nodes with a fixed and uniform transmis-
sion radius. We suppose that the speed of nodes is lower than that of the transmission of
messages. It is also supposed that the transmission radius of nodes is sufficiently small
(compared to the size of the network) in order to allow a modeling of node’s mobility
by discrete steps. Lastly, because our model is two-dimensional, we suppose that two
nodes cannot occupy the same co-ordinates (i.e. site) at the same time in the Euclidean
plan and that each node cannot be connected directly to more than eight neighbors (Moore
neighborhood).

5.2 MANETs connectivity using percolation theory

Figures 5 and 6 represent an instantaneous configuration of a MANET with a fixed and
uniform transmission radius and the corresponding connectivity. In the beginning we are
interested in guaranteeing the connexity of the graph modelling the network. Indeed, we
do not consider the conductivity of the network (i.e its capacity to propagate a message
between two nodes), we rather seek a threshold guaranteeing the connexity of the graph
allowing to reach each node of the network. Therefore, we cannot use the traditional
model of percolation considering this theory is closer to the concept of conductivity than
of connectivity (or connexity), because it only indicates the existence of an infinite cluster
allowing to join the edges of the system, but does not guarantee the existence of a single
cluster on the network (there can be small finite size clusters when percolation occurs). We
thus propose a site percolation model which we called a percolation-connectivity model.
At the theoretical level, even if we have a theorem due to P. Gupta and P.R. Kumar [GK98]
concerning the connectivity of the mobile networks with fixed transmission radius this
formula is not adapted when we have a restriction concerning the number of direct neigh-
bors (for example in the case of entities communicating using optical communications
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Figure 5: A random configuration of a MANET with a fixed transmission radius.

in a square lattice). In fact, the determined critical value rc = log n
n guaranteeing the

connectivity of the network implies that the mean number of direct connections per node
around the threshold is Θ(log n).

By establishing a correspondence between a geometrical random graph and a site percola-
tion model, we can expect to observe a phase transition concerning the connectivity of the
simulated mobile network. This correspondence is built according to following elements :

• To model the evolution of a MANET configuration over time, we use successive
generations of a random geometrical graph in a square lattice defined in Z2 (the
occupied sites will represent the nodes of the network). let N1 be a random vari-
able representing the number of nodes. For a given realization the N1 nodes are
distributed randomly (according to a uniform distribution) in a square surface c× c.
Two points x and y are directly connected if and only if d(x, y) < r where r is the
transmission radius.

• From the percolation point of view, we are interested in determining the critical
density necessary to ensure the connexity of the network with a high probability.
We consider only the case of site percolation meaning that when nodes are in the
neighborhood of each other, the established communication link is functional with
a probability pl = 1. We consider a square network in which if a site is occupied,
the transmission radius covers its closer neighbors. We choose here a Moore neigh-
borhood. Thus, for a geometrical random graph G(N1, r) the transmission radius
covers all the sites in the neighborhood of the active site (figure 7). Supposing a
large network, the configurations of the n sites (total number of sites of the square
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Figure 6: The resulting connectivity of the configuration shown in figure 5.

lattice) are given by the state vector e where ei = 1 if the site is occupied by a mo-
bile node and ei = 0 if not. The number of occupied sites by nodes N1 is a random
variable N1(p, n) and the concentration corresponding to the total rate of active sites
is also a random variable c(p, n) = N1(p, n)/n = i ei/n. Then :

lim
n→∞ c(p, n) = ē = p

where p is the probability of activity of a site. The probability of activity of a site
thus merges with the density of active sites in the network.

Conjecture :

In the percolation-connectivity model that we propose, there exists a threshold of the den-
sity of active sites at which the graph is connected with a very strong probability.

∃ pc | ∀(Si, Sj), i = j
P [Si ∼ Sj ] = 0 if ppc

P [Si ∼ Sj ] = 1 if ppc

where ∼ expresses the existence of a relation between two sites of the network. Two sites
are related to each other if and only if, they belong to the same cluster.

We can then determine the threshold of connectivity by estimating the critical density using
simulation. A preliminary simulations carried out using NetLogo confirm the existence
of a threshold of connectivity, related to the density of the network. This value ranges
between 0,58 and 0, 61 (figure 8 and 9).
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Figure 7: Correspondence between a discrete geometric random graph and a site percolation model.

Figure 8: The network is not totally connected for p = 0.58.
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Figure 9: The network is not totally connected for p = 0.61.

5.3 Epidemic diffusion over the network

We propose in the following an algorithm of epidemic diffusion in which we incorporate
rules aiming at reducing the number of redundant messages on the network. Our model
simulates not only the connectivity of the network according to the density of the nodes
but it simulates simultaneously the epidemic diffusion on the network. This allows to see
the evolution of the quality of the diffusion according to the density (i.e.conductivity) of
the network. The objective is to determine a threshold which allows to optimize at the
same time conductivity and diffusivity (i.e. capacity to disseminate information) on the
network.

To study the diffusion in a random network produced by a model of percolation, P. - G
De Gennes introduced the method of “the ant in a labyrinth”. It is a method of analysis of
diffusion on a structure given through a random walk, based on a relation established by
Einstein between conductivity and diffusion in an identical network [Pa01]. The original
model consists in parachuting an ant (in our situation, it is the initialization of a message)
on an active site, then at each time step, the ant evolves/moves randomly through con-
tiguous active sites. The clusters of active sites are interpreted like possible paths. For a
critical rate (i.e. probability) of sites activity, the ant entirely crosses the network. This
value is generally given with the method of Monte Carlo. There are several alternatives
to this model and the difference lies in the rules of displacement. Thus, an ant can be, for
example, equipped with a mnemonic intelligence allowing it to leave a trace on its pas-
sage. In our problems, we want a quick and global diffusion over the network. With this
intention, we associate the stochastic diffusion to the epidemic model. We want to be at the
same time above the threshold of percolation to guarantee the conductivity of the network

76



and at the needed threshold of diffusion in order to limit the costs in term of resources (a
number of messages, band-width. . . ).

Stochastic and epidemic diffusion algorithm

Let m be a message to disseminate over the network.

• ∀i ∈ [0, n− 1]

• choose uniformly at random an active site s0.

• initiate a message m at s0

• if si receives the message for the first time
then it forwards it to his neighbors (excepting the one from which he received the
message) with a probability p.

• if si have already received the message
then it stops forwarding the message(to avoid unnecessary messages)

The complexity of the algorithm in number of messages is O(n). In fact, in the worst case
the node where the message is initiated have just only one and new neighbor at each time
step and all these nodes will not propagate the message. In that case the initial node will
send n messages.

6 Conclusion

Our proposed approach is a first attempt to model and simulate complex systems, for
which analytical solution is very difficult to establish, by coupling dependent parameters.
At the level of possible applications, our modeling allows to study, for example, the prob-
lem known as walkers problem where a set of mobile agents (robots, mobile detection
systems,. . . ) are moving on a rectangular grid and where the communications between
the agents are established using wireless links (radio waves, optical systems,. . . ). More
generally, this model is adapted to simulate certain systems where the concepts of neigh-
borhood and distance are important and where the geometrical structure of the support of
the network is rectangular. According to the results of the simulation carried out with this
model, it is possible to improve the model, in particular concerning the dimension of the
network (a three dimensional modeling of the network is more realistic) and the topology
of the graph modeling the network in term of distribution of connections which may have
an important influence on the value of the thresholds.
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