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Abstract: Statistics and estimation theory is enriched with techniques derived from
differential geometry. This establishes the increasing topic of information geometry.
This allows new insights into these classical topics.

Differential geometry offers a wide spectrum of applications within statistic inference and
estimation theory. Especially, many topics of information theory can be interpreted in a
geometric way, which offers new insights into this discipline. This is widely called infor-
mation geometry. Therefore, parameterised probability densities determine manifold like
structures, the so called statistic manifolds. The log-likelihood determines an embedding
of this manifolds into affine spaces. The Fisher information delivers a metric for this static
manifolds. Further one can define geodesics in this manifolds, which allows to measure
the distance between different probability densities. Other topics are asymptotic of estima-
tors, sufficiency of statistics, flatness, and divergence of densities and contrast functions
like the Kullback-Leibler information. These topics may have also consequences in sig-
nal processing like constant false alarm rate (CFAR) and space time adaptive processing
(STAP). The first section gives a short course in differential geometry. It covers both the
most demonstrative extrinsic and the more abstract intrinsic view of differential geometry.
The aim of the presentation is to make the analogies with information geometry visible.
The second part of this paper introduces the topic of information geometry and possible
application in signal processing and tracking.

1 Differential geometry

This section gives an short overview about differential geometry. Differential geometry
may be formulated in the intrinsic and extrinsic way. Extrinsic means, that one considers a
manifold (e.g. a surface) which is embedded into a larger space (e.g. the three dimensional
affine space R3). It was Gauss who found out that some geometric invariants of such
a surface (e.g. the Gaussian curvature) depends only on the surface itself. This is the
content of his famous theorema egregium. Therefore, todays intrinsic view on differential



geometry is the prefered one. However, the classical extrinsic formulation has often the
advantage to be more demonstrative.

1.1 Manifolds, embeddings and coordinate charts

To motivate the term manifold one may think about a (orientable) surface S embedded into
the three dimensional space R3. The extrinsic view [Fra97] considers local parameterisa-
tions of this surface S within its circumjacent space, i.e. a smooth mapping

s : U −→ R3 (1)

s : (u1, u2) 7−→ s(u1, u2) (2)

where U ∈ R3 is an open set and ∂s
∂u1 × ∂s

∂u2 6= 0.

The intrinsic view depends on the fact that each point of the surface possesses a neighbor-
hood which look like a open set in the two dimensional space R2. This means that there is
a smooth bijective mapping of this neighborhood into the R2. In the general mathematical
theory one defines [Jos02], [Nak90], [SGL93]:

Definition 1.1 A manifold M of dimension m is a connected space1 for which every point
p ∈ M has a neighborhood V ⊂ M that is homeomorph to an open subset U of Rm. A
homeomorphism

ϕ =

 u1

...
um

 : V → U (3)

is called a coordinate chart.

In differential geometry the manifolds carry an additional differential structure. Therefore
two coordinate charts ϕ and ψ are called compatible, if their combinations ψ ◦ ϕ−1 and
ϕ ◦ ψ−1 are smooth. A maximal set of compatible charts is called an atlas.

This definition does not depend on any embeddings. Nevertheless, Whitney showed that
any manifold can be embedded into an affine space of sufficient dimension.

1.2 Tangent space

A parameterised surface S within the R3 posses a tangent space to every point p. This is
the subspace which is generated by the two vectors e1 = ∂s

∂u1 and e2 = ∂s
∂u2 such that both

1All spaces are assumed to be paracompact and Hausdorf



vectors found a basis for this vector space. This can also be defined to be the set of all
tangent vectors dγ

dt (0) of curves on S, γ(t) ⊂ S, such that γ(0) = p ∈ S. Especially the
definition via a curve can be used to find a suitable definition for the intrinsic world.

Definition 1.2 The tangent space to M at the point p, TpM can be defined on several
equivalent ways:

• Definition via curves: Two curves γ1, γ2 : R −→ M ,γ1(0) = γ2(0) = p are called
equivalent if and only if for a coordinate chart d

dt (ϕ ◦ γ1)(0) = d
dt (ϕ ◦ γ2)(0) = v

While v depends on the coordinate chart ϕ, one checks easily that the equivalence
is independent of the choice of a special chart. The curves defined by ui = t are a
basis of this vector space.

• Definition via derivatives: The tangent space are the derivatives of germ2 of func-
tions at x, where a derivative is a linear function, satisfies the Leibnitz rule:

δ(f · g)(x) = (δf(x))g(x) + f(x)(δg(x)) (4)

For a fixed chart the derivatives ∂
∂ui |p form a basis of the vector space.

• Definition via charts: With reference to a local coordinate system the tangent space
can be defined as the vectorspace Rn. If the coordinate is changed from ϕ to ψ, a
tangential vector is transformed via the transformation D(ψ ◦ ϕ−1)(p).

1.3 Metric and first fundamental form

A parametrised surface within the R3 inherits a metric structure from the usual scalar
product in R3. Therefore, one defines

gij(p) =
〈
∂s

∂u1
| ∂s
∂u2

〉
(5)

The quadratic form associated with this ”metric tensor” is called the first fundamental
form. It allows us to define the length of a curve u(t) given by

L =
∫ √

dui

dt
gij(u(t))

duj

dt
dt (6)

It is clear, that this metric can be translated into an intrinsic definition of a metric which is
not necessary coupled with the environmental space.

Definition 1.3 A Riemannian manifold is a manifold equipped with a Riemanian metric,
i.e. a symmetric and positive definite section

< . | . >: M → Γ(T ∗M)⊗ Γ(T ∗M) (7)
2i.e. one does not differ between functions which are identical on a small neighborhood of p



Thus, a Rieman manifold defines a metric tensor for each tangent space. A local descrip-
tion of this metric is again given by the coefficients gij :

gij(p) =
〈

∂

∂ui
,
∂

∂uj

〉
p

(8)

1.4 Covariant derivative, connection and second fundamental form

The normal vector for an ebedded surface in the R3 is an orthogonal, normalised vector
on the surface, i.e.

n =
∂s
∂u1 × ∂s

∂u2∥∥ ∂s
∂u1 × ∂s

∂u2

∥∥ (9)

Building further derivatives of a surface‘s tangent vector one realize that a derivative leaves
the tangent plane.

∂2s

∂ui∂uj
=

2∑
k=1

Γkij
∂s

∂uk
+ bijn (10)

where the Γkij are called the Christoffel symbols (”of the second kind”). These are given
through:

Γkij =
1
2
glk(

dgli
duj

+
dgjl
dui
− dgij
dul

) (11)

The bij are determined by

bij =
〈

∂2s

∂uiuj
| n
〉

(12)

The quadratic form bij is called the second fundamental form.

The covariant derivative in direction of a vectorfield along a tangent vector is defined as
the directed derivation with a successive projection onto the tangent plane. An important
issue of the covariant derivation is that it characterises geodesics, i.e. curves on the surface
between two points of minimal distance. Given a vector field along a curve, the covariant
derivative is given by ∇dt = dX

dt −
〈
dX
dt | n

〉
n =∇ dγ

ds
X = 0 which leads to the criterium

d2uk(s)
ds2

+ Γkij
dui

ds

duj

ds
= 0 (13)

The intrinsic formulation of a covariant derivative does not necessary depend on the metric:

Definition 1.4 A covariant derivative (or equivalent a linear connection) is a mapping

∇ : Γ(TM)→ Γ(TM)⊗ Γ(T ∗M) (14)

which satisfies the following rules

∇X(S + T ) = ∇XS +∇XT (15)



∇X(fS) = X.fS + f∇XS (16)

∇X+Y Sn = ∇XS +∇Y S (17)

∇fXS = f∇XS (18)

For a fixed chart with basis ∂
∂ui the affine connection is determined by:

∇ ∂

∂ui

∂

∂uj
= Γijk

∂

∂uk
(19)

A connection induces also a connection on the cotangential bundle via the rule

d(X,σ) = (∇X,σ) + (X,∇∗σ) (20)

and via the Leibniz rule on TM ⊗ T ∗M :

∇(X ⊗ σ) = ∇X ⊗ σ +X ⊗∇σ (21)

Given a Riemannian metric, there is one distinguished connection, the Levi-Civita con-
nection, which takes into account the additional structure given by the metric:

Definition 1.5 A connection is called metric, if it is self dual with respect to the metric,
i.e. if

d 〈X,Y 〉 = 〈∇X,Y 〉+ 〈X,∇Y 〉 (22)

holds. It is called Torsion free if

T (X,Y ) = ∇XY −∇YX − [X,Y ] (23)

holds. On a Riemann manifold there exists a unique metric and torsion free connection. It
is called the Levi-Civita connection.

1.5 Curvature

Consider a curve on a surface parameterised by its length l. One obtains for the curvature
of this curve

k =
d2s

dl2
=

∂2s

∂uiuj
dui

dl

duj

dl
+

∂s

∂ui
d2ui

dl2
(24)

I.e. for the component in the normal direction of the surface:

〈k | n〉 = bij
dui

dl

duj

dl
(25)

This form has two eigenvalue corresponding to two curvatures κ1 and κ2. One defines the
Gauss curvature

K = κ1κ2 =
det bij
det gij

(26)



and the mean curvature
H = κ1 + κ2 = trb =

∑
bii (27)

To decover the dependencies wit repect to the curvature, Gauss considered the equation
∂3s

∂ui∂uj∂uk
= ∂3s

∂ui∂uj∂uk
. One obtains after further simplifications the terms:

∂3s

∂ui∂uj∂uk
− ∂3s

∂ui∂uj∂uk
= (Rlikj − U lijk)

∂s

∂ul
+ Vijkn (28)

with

Rlikj =
∂Γlji
∂uk

− ∂Γlki
∂uj

+ ΓlkmΓmji − ΓljmΓmki (29)

U lijk = blkbij − blkbik (30)

i.e.
Rlikj = blkbij − blkbik (31)

Hence,
K = R12

12 (32)

which delivers the Theroema Egregium, i.e. the Gauss curvature is an isometry invariant
and depends only on the intrinsic properties of a surface.

For our intrinsic world one defines the curvature tensor R, which is defined through:

Definition 1.6
R(X,Y )Z = ∇X∇Y Z −∇y∇XZ −∇[X,Y ]Z (33)

With respect to a given coordinate system, it is given through the coefficients Rlijk:

R

(
∂

∂ui
,
∂

∂uj

)
∂

∂uk
= Rlijk

∂

∂ul
(34)

2 Information Geometry

2.1 Probability densities and manifolds

One topic of statistics is to deal with probability distributions p(x;u), where x ∈ Ω is an
element of a sample space and u ∈ U is a parameter. This requires∫

p(x;u)dx = 1 (35)

for the infinite sampling space and for a finite sampling space∑
x∈X

p(x;u) = 1 (36)

Often one omits the sample variable and writes simply pu.



Definition 2.1 Consider a family

S = {p(x;u) | u ∈ U} (37)

with an injective mapping pu 7−→ u. S is called a statistical model. Assume that U is open
and that p(x;u) is smooth with respect to u. Further it is assumed that integration and
differentiation may be freely rearranged and that supp(p(x;u)) is constant.

It follows that

S ⊂ P =
{
p : Ω→ R |

∫
p(x)dx = 1, p(x) > 0∀x ∈ Ω

}
(38)

Further we define the denormalization

P̃ = {p : Ω→ R |, p(x) > 0∀x ∈ Ω} (39)

and
S̃ = {τpu : u ∈ U, τ > 0} ⊂ P̃ (40)

One important example of such an statistical model is found by the exponential family{
p(x;u) = exp(

r∑
i=1

uixi −K(u))

}
(41)

This includes also the normal distribution, e.g.

1√
2πσ

exp(− (x− µ)2

2σ2
) (42)

with u1 = − 1
2σ2 , u2 = µ

σ2 and K(u) = 1
2 log(− 1

u1 ) − (x2)2

4u1 . For further details see
[Ama87], [BN87], [Lau87] or [AN93].

2.2 Log likelihood and embeddings

Given p(x, u1) and p(x, u2) one can transform from the first distribution to the second
one by multiplication with p(x,u2)

p(x,u1) In generally it is clear that multiplication of positive
densities with positive measurable functions gives new positive densities. However the
set of positive functions is no vector space. Therefore, one prefer the multiplication with
exp f to obtain the vector space of positive measurable functions operating on S̃. The
combination of two such operations is exp g exp f = exp(g + f), i.e. the combination
of such translations is given by the addition of measurable functions. Therefore, the log
likelihood

l : S̃ → RΩ (43)

l : pu 7−→ log pu (44)



assigns to a positive distribution the transformation with respect to the standard measure.
This induces a corresponding map on S up to a additive constant due to normalisation
[MR93] and [AN93].

It should mentioned that besides l there are other famous embeddings called α embeddings
of Amari.

Fα(p) =
{

2
1−αp

1−α
2 α 6= 1

log(p) α = 1
(45)

2.3 Fisher information and Riemannian metric

Following the analogue with embedded surfaces one obtains a metric tensor called the
Fisher information. This Fisher information is one of the milestone in modern information
theorysee [CT06] or [Khi57].

Definition 2.2 The Fisher information matrix is given by

gij(u) = Eu [∂ilu∂j lu] =
∫
∂ilu∂j ludx (46)

The Fisher information of a distribution p, G(u) = (gij(u)) possesses the following prop-
erties.

• Additivity:
For the joint distribution p(x1, x2;u) of independent distributions p1(x1;u) and
p2(x2;u) and the associated Fisher information matrices G, G1 and G2 holds

G(u) = G1(u) +G2(u) (47)

• Montonicity and sufficient statistics:
For the conditional distribution p1|2(x1 | x2;u) holds with p(x1, x2;u) and p2(x2;u)
and the associated Fisher information matrices G1|2, G and G2holds

G1|2(u) = G(u)−G2(u) (48)

• Estimator and Cramér-Rao inequality:
Assume that the sample x is generated according to the distribution p(x;u) for a
fixed u. An estimator û is unbiased, if Eu [û(x)] = u. For the Covariance matrix
Covu(û) of an unbiased estimator holds:

Covu(û) ≥ G(u)−1 , i.e. Covu(û)−G(u)−1 is positive definite (49)

2.4 Connections

A connection can be constructed similar the the one for the embedded surfaces [MR93]:
One considers in RΩ the distribution into RΩ = Nu⊕TuP̃ and realises that the projection



onto Nu is given by

prN (f) = f −
∑
k,l

gklEu(flk)ll − Eu(f) (50)

and prN (f) is the component of f normal to TuP̃

To check whether a statistical manifold is exponential, one has to check whether the normal
components of lij vanishes. But this means that

prN (lij) = lij −
∑
k,l

gijEu(lij ll)− E(lij) = 0 (51)

which is the second fundamental form in terms of differential geometry.

This is only one example of connections used in information geometry and is called the
1-connection or e-connection. It can be checked that the expanential family is flat with
respect to the 1-connection.

There is a whole class of well known connections cooresponding to the different α-
embeddings mentioned above. These are called α-connections and are given by [AN93]:

Γ(α)
ij,k = Eu

[(
∂

∂ui
∂

∂uj
lu +

1− α
2

∂

∂ui
lu

∂

∂uj
lu

)(
∂

∂uk
lu

)]
(52)

2.5 Geodesics

An important application of information geometry for practical applications in signal pro-
cessing and tracking are the geodesics and the genereted metrics An overview of the
geodesic metrics using Fisher information can be found in [Rao87]. These allows to com-
pare different distributions for hypothesis testing. Here two examples are given:

• Multivariate normal distributions with fixed covariance:

S = {N(µ,Σ;x) | Σfixed, µ ∈ Rr} (53)

The metric derived by the geodesic distance is given by

d(µ1, µ2) = (µ1 − µ2)TΣ−1(µ1 − µ2) (54)

This is the well known Mahalonobis distance. This distance occurs within the as-
signment problem in multi target tracking. It is used for gatting to test, whether a
certain track plot combination is probable or not.

• Multivariate normal distributions with fixed mean:

S = {N(µ,Σ;x) | µfixed,Σ ∈ Sym(Rr)and positive definite} (55)



The metric is defined by

d(Σ1,Σ2) =

√√√√1
2

r∑
i=1

(log λi)2 (56)

where λi are the roots of the equation det(Σ1 − λΣ2) = 0

This metric has a certain importance in space time adaptive processing STAP [Gue03]
and constant false alarm rate CFAR [Ric05] as was mentioned by [LLB08]. It can
be involved in the evaluation of the distance between the ”‘average distribution”’ in
a neighborhood of a cell under test and the test cell itself.
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